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NATIONAL AFERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-1270

THE GRAVITATIONAL FIELD ENVIRONMENT OF AN EARTH SATELLITE

By David Adamson
SUMMARY

This report surveys what is currently known about the shape of the
earth and the gravitational fields of the earth, the sun, and the moon.
The various techniques used to obtain these data are described. A brief
survey of the relativistic effects on orbits has also been included.

INTRODUCTION

An earth satellite 1s subject not only to the earth's gravitational
pull but is measurably perturbed by the gravitational influence of the
moon and the sun. In this report, which is concerned with the gravita-
tional environment of an earth satellite, it has been necesssary, there-
fore, in addition to discussing the terrestrial gravitational field, to
review the entire system of astronomical constants. Moreover, precision
determination of orbits and trajectorles not only involves knowledge of
the gravitational field but also requires knowledge of the shape and
dimensions of the earth with high precision so that the relative positions
of the tracking stations can be precisely fixed. For this reason the
discussion has been extended to embrace the "figure" of the earth.

This report is not simply a recital of values but is an attempt to
provide some insight into the various techniques which are used in the
determination of these values. As a result of the inevitable delays
between preparation of a report of thils nature and its final publication,
and the bewildering rate of technological advancement, certain of the
values quoted herein are already superseded. A case 1n point is provided
by the astronomical unit. Within the last several months, more accurate
determinations of the solar parallax have been made by bouncing radar
signals off Venus. No point would be served by incorporating this new
material, for doubtless even more accurate determinations will be made
in the months to come.

The contents of this report fall into the following four main
subdivisions:

(a) Shape and gravitational field of the earth using geodetic and
gravimetric data,



(v) Utilization of earth satellites for providing data pertaining
to the higher harmonics of the earth's gravitational field,

(c¢) The system of astronomical constants, and

(d) Relativistic effects on orbits.

The last subdivision was included on the grounds that precision of
astronomical measurement i1s such that relativistic effects are beginning
to assume significance.

Finally, an appendix has been added in an attempt to introduce the
terminology and concepts of spherical harmonic analysis, which is so

extensively used in discussing the earth's gravitational field. A
bibliography 1s also included.

SYMBOLS

Ae,Ai,Aq, ... samplitudes of sinusoidal variation of orbital parameters
of earth satellite
C moment of inertia of earth about its polar axis

C0,0:C2,05C3,0,--- coefficients of zeroth, second, third, . . . zonal
harmonics of the earth's potential field

D coefficient of fourth zonal harmonic as it appears in usual
expression for earth's potential (eq. (15))

E total energy (potential plus kinetic)

F force

FX,FY,FZ force components

G universal gravitational constant

H coefficient of third zonal harmonic as it appears in ususal

expression for earth's potential (eq. (43))
I moment of inertia )

IX’IY’IZ moments of inertia about principal axes Oy, Oy, Og;
Ox» longitudinal axis; Oy, transverse axis; and Og,
polar axis
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1,82’83, LI

coefficlent of second zonal harmonic as it appears in usual
expression for earth's potential (eq. (15))

parameter appearing in second-order approximation to the
earth's potential surface

lunar inequality in the sun's longitude

mean anomaly

distance between earth's geoid and the approximating spheroid
period of orbital motion

sidereal period associated with motion of earth-moon system
about sun

sidereal period assoclated with motion of moon about earth

(0)

» Py, ;... second, third, fourth, . . . zonal harmonlcs

applied moment
orbital radius of the earth

surface harmonics of the first, second, third, . . . degree

kinetic energy

potential energy

deviation potential, W - U

potential associated with earth's actual gravity field
semimajor axis of orbilt

semiminor axis of orbit

velocity of 1light

distance between bodles

eccentricity

acceleration due to gravity



X, Y22

helght above mean sea level
orbital inclination

heliocentric gravitational constant (expressed in astronomical
units)

distance between earth and moon
mass
mean angular speed of orbital motion

semilatus rectum or pressure

O ~1\O K

radius vector from earth's center

\[\

mean radius of the moon
time S . . .

angular position of satellite relative to 1ts ascending node,
W+ 06

Cartesian coordinates

ellipticity of earth spheroid
ellipticity of earth's equatorial cross section

parameter appearing in the second-order spheroidal approxi-
mation to geoid

angular displacement from perlgee
b)

o2r

rotational parsmeter,

g255 |

Gme . : .

modified rotational paremeter,

longitude
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Subscripts:

b

parameter appearing in the second-order spheroidal approxi-
mation tc geoid

ratio ml/me

mean equatorial horizontal parallax
density

rotational speed of earth
geographic latitude

geocentric latitude

colatitude

earth's geopotential (superposition of potential and
centrifugal force fields)

angle between ascending node and perigee
solar parallax In seconds of arc

longitude of the ascending node

orbliting body

earth

due to gravity alone
moon

mean value

value at pole

value at equator.



CERTAIN BASIC CONCEPTS OF GEODESY

Basic Geodetic Problems

There are two principal problems confronting the theoretical geod-
esist: determination of the geometrical form of the earth's surface
and determination of the earth's gravitational field. It has been said
that the earth is rounder and smoother than the average bowling ball;
be this as it may, the surface is extremely irregular, consisting as it
does of mountain ranges, valleys, ravines, and so forth. When the fine
structure of the gravity distribution is viewed, it is also found to be
highly irregular. An exact solution to these two basic geodetic problems
is beyond the capabilities of practical mathematical analysis. The best
that can be done with mathematical analysis 1is to describe the large-
scale undulations of the earth's surface and the large-scale varlations

of surface gravity.

These factors being considered, 1t is necessary to define a surface
of reference meeting the following two requirements:

(a) That it nowhere departs markedly from the topographical surface.

(b) That it be an equipotential surface to facilitate the analysis
of the gravitational field.

A surface meeting these two requirements which immediately comes to mind
is the mean sea-level surface, the so-called "geoid." In addition to
meeting these specific requirements, in common with all surfaces of ref-
erences, it is imperative that it be capable of explicit definition and
precise experimental determination. With regard to the definition of
mean sea level, some care must be exercised since 1t is influenced by
prevalent trade winds, salt content of water, local temperature, and
local barametric pressure; due allowances must be made for these effects.
Across continental masses, mean sea level is defined by the conceptual
device 1llustrated in sketch 1.

Sketch 1

\Oﬂ\pp—ltﬂ
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The open ended pipes must be assumed to be infinitesimally small to
ensure that the change in mass distribution is entirely negligible.

When its precise experimental determination is considered, a formi-
dable difficulty is encountered. The current technique of spirit leveling
does not, as 1s popularly supposed, give the true height above the mean
sea level, that is, above the geoid.

]
A
Geoid (greatly exaggerated)

Sketch 2

By starting from a water bench mark and proceeding by highways and
railroads, the height differentials between successive points spaced
100 meters or so apart are obtained by the following procedure. Two
rods are mounted vertically as at A and B. (See sketch 2.) A telescope
is mounted midway between them and exactly level. The difference of
reading on rod A and rod B defines the height differential dh between
A and B. This is not in all strictness, however, the same as the 4dif-
ference between Aa and Bb, since the telescope lies in the equipotential
surface passing through the point T and is not exactly parallel to the
portion of the geoidal surface lying directly beneath it. 1Indeed, the
technique of spirit leveling as Just described does not even ascribe a

unique height L/‘dh to any point on the surface, the height obtained

being dependent upon the route taken between the water's edge and the
point in question. This condition results directly from the lack of
parallelism between successive equipotential surfaces. The following
sketch (sketch 3) and example illustrate this effect and serves to 1ndi-
cate the order of inaccuracy in height estimation.



Sketch 3

Cy and C, are two equipotential surfaces, C, corresponding to mean sea

level. Suppose, by using the technique of spirit leveling, the route AabB
is traversed and, then a height difference of hj - hg between polnts A

and B is assigned in spite of the fact that both points are at sea level.

If the mean gravity between A and a is denoted by gmA, and the mean
gravity between B and b, by gmB, then

SmAhA = gmBhB (l)
gmA(hA - hB) = (SmB - gmA)hB (2)
that 1is,
hy - hg = i h (3)
However, Ag 1s of order eg where e 1s the earth's ellipticity 5%7
hence
hy - hy 1s of the order of magnitude eh (%)

By taking for h a height of 1 kilometer, which is a representative
height of a continental land mass, the discrepancy in h 1is of the order
of 3 meters.

Mathematically this ambiguity in h 1is expressed in the statement
that dh is not a perfect differential. On the other hand, g dh 1s

\O —~3\Q p A
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a perfect differential, that is, u/‘ g dh taken from sea level to some

point P is entirely independent of the route taken in evaluating the
integral in question. Indeed, the integral in question defines the poten-
tial of P referred to mean sea level as datum. Thus in principle it

is possible to determine a unique value of ¥ - C for each point on the
earth's surface (¥ 1is the value of the potential at point P, and C 1is
the value of the potential corresponding to mean sea level). Such being
the case, a number of unambiguous definitions of height can be formulated,
all of which agree to first order with the more crude concept of height.

-C
Sh5
to gravity at latitude 450 by the international gravity formula and
v -

&1
to gravity at latitude of the observation station on the basis of the
same formula, or the height could be defined simply as

is the measured gravity at the station without any appeal to the inter-
national gravity formuls.

Thus, L

defines the dynamic height where gu5 is the value assigned

defines the orthometric height where g, is the value assigned

where g

The datum surfaces associated with the heights as Just defined are
referred to as cogeoids. They differ from one another and from the geoid
itself by at most a couple or so meters. These cogeoids involving as
they do the implicit assumption of the constancy of gravity between a
cogeold and a measuring station are in this regard more compatible with
the technique of measuring height by using spirit leveling than 1s the
geold itself, since the practical determination of height also involves
assumption of constancy of gravity or rather constancy of direction of
the gravity vector.

An argument which is sometimes advanced against the acceptance of
one or other of the cogeoilds is that they are not strictly equipotential
surfaces whereas the geoid is. This criticism is shown to be lacking
in logical foundation when gravity reduction is considered.

Techniques of Reduction

Having introduced the concept of surface of reference, the question
now arises as to the method whereby measured values of gravity can be
reduced to the surface of reference. Various techniques of reduction
exist: (a) free-air reduction, (b) Bouguer reduction, and (c) various
isostatic reductions and each technique will be considered in turn.
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Sketch 4

Free-air reduction.- In the technique of free-alr reduction cor-
rection is made only for the difference in distance to the center of the
earth without any regard for intervening matter. Thus, by denoting the
distance PO by h (see sketch L),

- (5)
EERNY-
G
= — 6
% = 2 (6)
- 2
o = s 12) = eoft + 2) ©

where gp 1s measured gravity and go is the value of gravity ascribed
to point O.

The value ascribed to gravity at point O is to all intents and pur-
poses the value of gravity which would be measured at O if the over-
lying mass were compressed onto a surface distribution.

This redistribution of mass impllicit 1n the free-air reduction will
result in slight adjustment of the order of a couple of meters to the
potential surface. In other words, even though the geoid defines an
equipotential surface with the mass where 1t 1s and as it is, on applying
free-air reduction to gravity it deviates from an equipotential surface
by the above amount but this deviation is precisely the order of devia-
tion of the cogeoid from the geoid; hence, the argument favoring adoption
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of the geold rather than the cogeoid as a surface of reference, on the
grounds that it is truly an equipotential surface, loses its force.

Bouguer reduction.- In this instance, the adjustment of gravity
from measuring station P to corresponding point O on reference surface
takes into account not only the variation in distance from the earth's
center but also the presence of the intervening mass. In thils case, the
reduced gravity is to a first order the gravity which would be measured
at point O if the overlylng material were entirely removed. Such a mass
redistribution must gilve rise to a significantly larger perturbation of
the equipotential surface than that assoclated with the free-air reduction.

Isostatic reductions.- Here there is an effective transference of
mass to the level of isostatic compensation (100 kilometers). This pro-
cedure too gives rise to a greater perturbation to the equipotential
surface than does the free-air reduction.

Isostatic reduction has been advocated by some as leading to a
smoother and hence statistically more manageable distribution of reduced
gravity over the reference surface than does free-air reduction. The
extent to which it achieves this purpose is a matter of some contention.
(see section on "Astronomical Measurements.") If, as some argue, iso-
static compensation only holds to a first order, it is highly debatable
whether the advantages compensate for the additional complexity intro-
duced into the analysis (larger distortion of equipotential surface among
other things).

It may be wondered why one is quibbling over choice of reference
surface when they differ by no more than a couple or so meters. There
are two reasons:

(a) It is essential that the basic concepts underlying any physical
science be subject to precise definition.

(b) With the development of more sophisticated measuring techniques
the experimental inaccuracies may fall below the level of the differences
now being discussed in which case they will become significant factors.

Throughout the remainder of thls section, the distinctions discussed
above will be abandoned and the surface of reference will be referred to
as the geoid. The assumption 1s also made that those topographical fea-
tures have been compressed into the surface which is tantamount to
adopting free-air reduction in preference to isostatic reduction. Fur-
thermore the deviation from equipotential resulting from this redistribu-
tion of mass will be disregarded.



ANALYSIS OF EARTH'S FIELD

The Regular Part of the Earth's Field

If the extraneous topographic masses were compressed into the geoi-
dal surface (for practical purposes regarded as the mean sea-level sur-
face), although the earth's contours would then be smooth, it would still
not be a perfect sphere. By far, the major deviation from true sphericity
is the result of the earth's rotation on its axis. It is logical, there-
fore, to analyze this dominant deviation first of all, and it 1s this
problem that will be discussed in this section. In a subsequent section
the higher order deviatlions from sphericity will be treated.

O ~N\0

At the outset, consider the form assumed by a rotating mass when
hydrostatic equilibrium is assumed to prevaill, that 1s, the resultant
of the gravitational and centrifugal forces are wholly balanced by hydro-
static pressure forces. The question may well be posed on what grounds
the assumption of hydrostatic equilibrium can be Justified. There are,
of course, differences of opinion as to the extent to which hydrostatic
equlilibrium prevails in the case of the earth. It is an accepted fact
that extraneous masses such as mountain ranges are to some extent com-
pensated for by mass deficilencies in the crustal layers underlying the
bases of such features - this 1s the concept of isostatlc compensation.
If such stress alleviation occurs in the crustal layers, it is perhaps
to be expected that in the deep interlor where temperatures are higher,
stress alleviation will be even more complete. It i1s on this basis that
the concept of hydrostatic equilibrium is provisionally accepted and
with this provision the internal field of the earth 1s examined.

Equilibrium form of a rotating mass.- If the mass 1is homogeneous,
the problem is amenable to fairly straightforward mathematical solution.
Thus, it is readily shown that at low rotational speeds, such as that
of the earth, a possible equilibrium form 1s one in which the surface
assumes the form of an ellipsold of rotation of small ellipticity - the
so-called Maclaurin ellipsoids. Moreover, it can be shown that these
ellipsoids are stable with respect to small disturbances. It is hardly
to be expected, however, that the earth 1s homogeneocus. Indeed, seis-
mological observations show the density at the center to exceed by a
factor of about 3 the density of the crustal layer. This lack of homo-
genelty greatly complicates the mathematical problem.

Under the assumption of hydrostatic equilibrium the Navier-Stokes
equations assume the simple form

59 =W (8)
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that is, the gradient of pressure 1s proportional to the gradient of
geopotential. The geopotential field is the result of superposition of
the gravitational and centrifugal force fields. This relationship
clearly. implies that equipotential surfaces are coincident with surfaces
of constant pressure and hence surfaces of constant density. There is
the additional implication here that, if equilibrium prevaills, surfaces
of constant pressure are also surfaces of constant temperature.

A first-order analysis assuming hydrostatic equilibriuml reveals
that the equipotential surfaces, that is, layers of constant density,
are ellipsoids of rotation: '

r = rq(l - € sin2¢') (9)

where r 1is the equatorial radius of the layer and € 1its ellipticilty
in question. As the center 1s approached, the ellipticity falls to zero,
that is, in the immediate proximity of the center, the equipotential
surfaces are to all intents and purposes spherical in form.

Furthermore, the following relationship 1s established

2 K
gmerq2=1-ggz-1 (10)

where '
C polar moment of inertia
Mg mass of earth
Tq equatorial radius of surface layer
€ ellipticity of surface layer

o2y 3
K rotational parameter, —3

e

Iyith regard to the question of stability, it seems intuitively
obvious that, for the low rotational speeds under consideration, the
stable configuration i1s the one in which the most dense materials have
gravitated to the center.
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It is of interest to note in passing that from this relation the
dependence of ellipticity on rotational speed can be readily established

in the case of a homogeneous body (——g—§ = %). Substituting into
Me g

equation (10)

5« _
2 ¢ -l=1
5k _
2e-°®
Therefore
o 3
_2 ZO'I‘q
€ = K =
4 4 Gmg

Equation (10) is entirely independent of radial distribution of density.
Clearly then, a radial redistribution of density induces changes in both
Y 2

merq2

is fixed) which mutually cancel one another in equation (10). Although

this may at first sight occasion some surprise, it becomes somewhat less
surprising when 1t i1s remembered that the imposition of the weak condi-

tion that the surface of an ellipsoid of revolution is to be an equipo-

tential surface imposes certain requirements on the mass distribution

in its interilor. Specifically,

and € (K to a first order is not subject to change since o

Q

- A
2
MeTg

(V] RS

Viewed in this light, 1t is hardly surprising that the stronger condi-
tion of hydrostatic equilibrium leads directly to the relation (10).

These first-order results were first obtained by Clairaut. The
analysis has been carried to second order by Callandreau, Darwin,
DeSitter, and others. When taken to a second order, the equipotential
surfaces assume the form

r = rq[; - ¢ sin®g’ - (g ? + x)sin22¢z] (11)

O ~\0
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When compared with the equation of an ellipsoid of rotation valid to a
second order in ellipticity, that is,

r = rq(l - € sin2¢' - g eesin22¢') (12)

it is noted that, as a result of the presence of the & term, the equipo-
tential surfaces are no longer true ellipsoids of revolution. The «
term 1s itself a function of internal density distribution. By using

the density distribution as determined from seismological data, Bullard
(1948) assigns a value to % of 0.68 x 107, By adopting this value

of K and assuming that the equipotential and ellipsoidal surfaces each
coincide with the earth's equatorial and polar radii, the maximum devia-

tion between them is found to occur at latitude of L5° and amounts to

KTg = 0.68 x 1076 x 6,371,000 ~ 4 meters. Clearly then, from a practical
standpoint, even to second order, the equipotential surfaces can permis-
sibly be regarded as spheroidal in form.

The relation (10) carried to second order assumes the more com-
plicated form:

2 C = l - i K,' - g(l - g €)____M (15)
) 1
2 merq 3 5 3 * )\l
where
, 5 ' 10 2 L 2 6 1
= 2 ) = —_ - =
€ Mg I K €+ Ql(K ) * T ¢ T €

K =

Grg

(* 1is now the mean radius of the surface, that 1s, the radius of a sphere
enclosing the same volume as the surface) and g @and Xl are parameters

appearing in the derivation which are dependent on the internal constitu-
tion of the earth. The relation (13), although no longer wholly independ-
ent of internal mass distribution, is quite insensitive to it and provides
a basis for what has been regarded as a fairly reliable estimate of e.
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Tt is well that the reader have constantly in mind certain factors
that might well contribute to a deviation from hydrostatic equilibrium
on which the preceding analysis 1s based. Some of the more obvious fac-
tors are listed below:

(1) The materials of which the earth is composed are not wholly
devoid of structural strength.

(2) There 1is good reason to suppose that density adjustments in the
interior are still taking place, that 1s, heavy elements percolating to
the center and lighter elements migrating outwards.

(3) A substantial portion of the earth 1s still in a molten state.
Forced oscillations set up in this liquid core might conceivably be
augmented by magnetohydrodynamic dynemo effects.

(4) The axis of figure is not coincident with the axis of rotation.

(5) The earth's rotational speed is subject to slight changes and
will give rise to hysteresis effects.

It is likely that factors (4) and (5) are quite negligible. Apart from
these, it is difficult to assess quantitatively the magnitudes of the
others.

Bearing in mind the uncertainties to which attention has Just been
drawn, the results of the preceding analysis must be interpreted with
some discretion. Fortunately, the analytical result that the earth is
to a second order of ellipticity spheroidal in shape is supported by
geodesic work; and it is actually on the basis of this empirically
determined fact that the development of the theory of the external field
of the earth to a second order of ellipticity proceeds.

Theory of external field.- The geold approximates an ellipsoid of
revolution to within a second order of flattening. If the equatorial
radius of this ellipsoid of closest fit 1is denoted by rq and its

ellipticity by €, then

r = rq(l - € sin®g' - % 5251n22¢') (1%)

If the potential over this surface 1s assumed to be constant and equal

to the value corresponding to the actual earth geoid, then, by Dirichlet's
theorem, the external field is uniquely determined. The following expres-
sion for the external geopotential field can be derlved:

\O ~I\O
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5 5
Gm. |T r . r ' ,
¥(r, @) = -;k -f— + J(?q) (%’- - sin2¢ ) + 58—5 D(%!-) Py(sin ¢')| + -]é'- a2r2cose¢

q
(15)

where

Gm,, _ Wo

T 1., 1. +1q .22

q 1+ 3 € + 3 k' o+ 3 ex' + 15 €
Jd=¢€ - % k' o+ e(— % € + = n')

and

D= % © - g ek’

Although the external field 1is uniquely determined, the internal
mass distribution of course 1s not. However, the various harmonilcs do
impose certaln requirements on the mass moments of corresponding order
without uniquely determining them. Thus, in the general case, there are

0 l)cos 8
only five independent harmonics of the second order P2( ), Pésln 5 »

(2)cos 28
2sin 20
the case under consideration in which there 1s both axisymmetry and sym-
metry with respect to the equatorial plane, there are only two 1lndepend-
ent second-order moments C (polar value) and A (equatorial value).

However, only a single requirement is imposed by the second harmonic
term, that is,

and yet there are six independent second-order moments. In

.u) (16)

+ e(- % € +

no
~-

MeTg

Inasmuch as an expression for the external geopotential field has been
obtained, an expression for the vector force field can be readily derived.
At the surface of the ellipsoid, the effective gravity vectors are normal
to it (by virtue of its being an equipotential surface) and the variation
of intenslty 1is glven by the following expression:



- Sq[l H(Ze-en Liey® - o en')s1n2¢' - 5 e - 15x')sin22¢} (a7)

where
Grme &q

rq2 l+€—%K'

It is convenient to replace the geocentric latitude ¢' by geo-
graphic latitude ¢ defined as the angle which the local normal to the
ellipsoid makes with the equatorial plane, since the latter approxi-
mates the latitude as experimentally determined by astronomilcal

measurements.

r= rq(l - ¢ sin®g + % €gsin22¢> (18)

= 2__5_1_5 2
g = gq{% + B sin<g €(8 K 5 e)sin 2%} (19)

g, 8
where (B is clearly equal to _gg___g and hence has same meaning in
q

relation to gravity as flattening € has for radius vector r>

22t - 2L e
B = 5 K € o €K

Measurements of the Earth's Field

Astrogeodetic measurements of the geometric form of the earth's
surface yleld informastion pertaining to both its size and shape (that
is, rq and €). Investigations of normal gravity over the surface

(gravimetric measurements) permit the determination of both 8q and €.

Gm
Now g = ——%(l + € - % w') and, although it is theoretically feasible

q
Tq
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to use gravimetric measurements for the determination of ‘Tgs the uncer-

tainty associated with Gm, 1s so large that it invalidates any estimates
of earth's slze obtained in this way. Thus, gravimetric measurements
provide data bearing on the shape but not on the size of the earth.

Astronomical measurements consisting of determinations of slight
perturbations to which the moon's motion is subject are in essence a
measurement of the irregularities in the earth's gravity field and, sas
a result, are essentially a form of gravimetric measurement. They are
therefore subject to the same limitation, that 1s, they provide data
bearing on the shape and not on the size of the earth.

The remainder of this section is devoted to a brief description of
astrogeodetic and gravimetric measurements. Such measurements fall within
the highly specialized domain of practical geodesy and involve the intri-
caciles of precision measurements and the complexities associated with
analyzing statlstically masses of data.

Astrogeodetic measurements.- If the earth were truly spherical,
its size could be determined by measuring the length of an arc on its
surface and the angle subtended by the normals to the sphere at the
extremities of the arc in question. The length divided by the angle in
radians would serve to fix the radius. If the earth were a true ellips-
old of rotation, two independent arcs would be needed to determine its
size and its ellipticity.

From these simple examples it is possible to see that what is
involved 1is the measurement of arcs (the geodetic part of the measure-
ment) and the measurement of angles subtended by normals erected at the
extremities of such arcs (the astronomic part of the measurement).

Arcs are not measured directly but by the classical technique of
triangulation introduced by Snellius in 1615. The procedure is simple
in principle and consists of the measurement of a single base line and
the angles of the triangulation net. Thus, the distance between any two
points of the net, specifically the distance between points A and B
(sketch 5) can be computed. B

A
Sketch 5
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Although simple in principle, the procedure is complicated in
practice. The chief bugbear confronting the geodesist is the fact that
light does not travel in straight lines but is refracted by the earth's
atmosphere. In order to minimize such effects in first-order geodetic
work, measurement of angles is restricted to the horizontal plane and
errors in angle measurement due to refraction are kept down to an arc of
about 1/3 second. The upper bound to the length of the side of the
triangles comprising the net is thus set by horizontal intervisibility
between measuring stations. A lower bound has been set by experience
at about 2 miles. Shorter sides would lead to:

(a) Difficulty of defining extremity of arc with sufficient preci-
sion. Thus, 1/2 second of arc (which is the precision aimed at in the
measurement of angles in first-order geodetic,work) corresponds to about
1/3 inch at a distance of 2 mlles.

(v) Too rapid accumulation of error. o T

As it is, base lines are interposed every 10 to 20 triangles to prevent
excessive accumulation of error.

With regard to base-line measurement, this is done with Invar tapes
which are temperature insensitive and the slight temperature corrections
which are applied are therefore extremely accurate. During the making
of the measurements, a prescribed tension is applied to the tape either
through the use of welghts or by means of a spring balance. Moreover,
the tape is calibrated in a laboratory before and after each field meas-
ment. Subject to these refinements, it is believed that the measurement

of base lines is good to one part in 106,2 It goes almost without saying
that base-line measurements must be corrected for height above the geoldal
surface. The angles, of course, are not subject to such corrections
(unless allowance is made for the fact that the local vertical is not
quite alined with the normal to the geoildal surface and such corrections
are presumably quite 1nsignificant even to the standard of precision
presently under discussion). If the base-line measurement is made at

1 kilometer above the geoldal surface, which is representative of a con-
tinental land mass (see sketch 6)

2The aufhor is informed that the use of the Invar tape has been
largely supplanted by the geodimeter in many countries.
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Geoildal cross section

Intersection of normals
at a and b

Sketch 6

ab _ 6318 . _1
AB 63718 +1 6378

The overall accuracy in geodetic measurement, bearing in mind that
inevitable uncertainties involved in individual measurements are reduced
by least-square adjustments throughout the triangulation net, is about
0.15 meter per square root of kilometers.

Astronomical measurements.- As the result of the undulations of
the geold, the normals to the geoidal surface at points A and B deviate
slightly from the lines drawn through the points in question to the cen-
ter of mass of the earth. (See sketch 7.) When the differences in
local timekeeping are measured, it is the angle A' which is deter-
mined., Astronomical measurement of latitude at A and B determines the
angles ¢a' and If a'b' 1s computed and then divided into the

¢|'
b
measured arc AB, the result is a measure of mean radius of curvature of
the geold. At certaln locations this value willl exceed the mean radius
of curvature of the approximating ellipsoid and at other locations the
reverse is true. If these arcs covered the entire earth's surface, these
effects would cancel out when a statistical average is taken. Unfor-
tunately, further complicatlions arise. The discussion, as developed thus
far, has implied that the local vertical is normal to the geoidal surface.
Actually, the local vertical defined by the direction of a plumb bob 1is
influenced by local topographic features, that 1s, mountailn ranges or
mass deficiencles or excesses in the crustal layers in the proximity of
the observing stations. An attempt is made to allow for such topographic
effects by applying some form of adjustment to the measured vertical.
Here, two schools of thought are encountered; one favoring isostatic
reductions in some form or other, and the other favoring free-ailr reduc-
tions. Those favoring isostatic reductions appear to argue as follows.
Since free-alr reduction does not adequately represent the influence of
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topographic features, its application leads to systematic differences
between continental masses and oceanic regions, and since moreover
astrogeodetic measurements are by their very nature limited to continental
regions, the results are correspondingly bilased. The proponents of free-
alr reduction contend, on the other hand, that 1sostatic compensation 1s
at best an approximation and so-called isostatic reductions are not wholly
valid and do indeed introduce systematic errors between land and water
regions which exceed those assoclated with free-air reduction. The issue

remains undecided.

The advent of electronic synchronization of time has made it pos-
sible to determine longitude with the same precision as latitude and
permits the use of both meridional arcs and parallels in the determina-
tion of the earth's figure. Prior to this, it had only been possible
to use meridional arcs. '

Different investigators using different arc systems have obtained
somewhat different values for the size and shape of the earth. (See
table I.) By and large, the later determinations based as they are on

more extensive arc data are more reliable. The determination which 1s
currently favored is the recent determination of Chovitz and Fisher,

based on four arcs:
(a) A meridional arc extending from Chile to Canada
(b) A meridional arc extending from South Africa to Scandinavia
(c) A parallel traversing the United States
(d) A parallel extending from Western Europe to Siberia
The values obtained by assuming a flattening5 € = 1/297 are
(a) Free air, 6,378,240 * 100 meters
(b) Isostatic, 6,378,285 * 100 meters

In 1924 the International Astronomical Union adopted the Hayford
spheriod (which represented the best determination up to that time)

5Realizing that perhaps more accurate values of flattening are to
be obtained by using astronomic techniques, some investigations have
assumed a value of € at the outset and used the geodetic data solely
to determine the earth's equatorial radius.
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as the international ellipsoid. The following figures pertain to this
ellipsodid:

ry = 6,378, 388 meters

1

€ = 297_.00 = 0.0033670

k' = 0.00344991

r = 6,378,388(1 - 0.0033670 sin2§ + 0.0000071 sin®2g) (20)

(where ¢ is the geographic latitude).

Area method in astrogeodetic measurements.- Thus far, the discussion
has been centered on arc measurements. There is another technique of
astrogeodetic measurements termed the area method which has as its prime
objective the determination of the ellipsoid of closest fit to a given
region and thus is best adopted to the preparation of maps of the region
in question.

It is assumed that the region in question is covered by a two-
dimensional triangulation network. A point in the proximity of the cen-
ter of the net 1s chosen as a datum point. This point is assumed to lie
on an ellipsoid of specified dimensions. Its position on the surface
and the orientation of the ellipsoid relative to the triangulation net
is fixed if a latitude and longltude 1s ascribed to the datum point as
well as to the azimuth of one of the lines of the net radiating from the
point in question. (It would be logical to assign the astronomically
determined values to these elements at the outset.)

The size and shape of the ellipsoid and the latitude and longitude
of the datum point ﬁnd azimuth angle comprise the five elements defining
the geodetic datum. On the assumptlion that all points of the network
fall on the surface of the reference, their positlons can be computed.

At a number of preselected points of the network the geographic latitude
and longitude (defining the inclination of the normal to the ellipsoidal
surface) can be computed. At these same stations the astronomical lati-
tude and longitude 1s measured and thereby defines the inclination of the
normal to the actual geoidal surface. A measure of the closeness of fit

h'I'he geodetlc datum used in the U.S.A. has as its initial point
Meades Ranch in Kansas, latitude 39013'26V686, longitude 98°32'301506,
azimuth to Waldo 75928'1kY52. The spheroid used in the triangulation
is the Clark spheroid of 1866 (equatorial radius 6,378.206 km;

1/e = 294.98).

OO ¢
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of the ellipsoid to the geoidal surface over the region consldered 1is
provided by the relative inclinations of these two normals. Clearly
then, the best geodetic datum for the region is obtained by adjusting
the five elements constituting the datum in such a way as to minimize
the mean square deviations between the ellipsoidal and geoildal normals.
Actually the geodetic datum as thus defined is restricted to the extent
that it is required to pass through the datum point. If this restric-
tion is relaxed and the height of the datum point above the assumed.
ellipsoidal surface is regarded as a sixth element of geodetic data, an
even closer fit could be obtained. Apparently, geodesists do not think
that such ultrarefinements are justified. Frequently in practice not
all five elements are necessarily adjusted. Thus, one of the ellipsoids
will be selected and the adjustment made solely with respect to the
remaining three elements, longitude, latitude, and azimuth. This condi-
tion explains the use of the Clarke ellipsold in the United States of
America datum.

Ellipsoids derived in this way will not, in general, be centered
on the earth's center and will be wholly inadequate as a reference sur-
face for distant regions. The problem of tying together these various
regional geodetic nets 1s far from complete. '

As in most branches of technology, innovations are being introduced
into geodesy. Currently, trilateration by radar is the most accurate
way of connecting continents. In addition, the capability of shooting
flares to high altitudes and putting satellites into orbit permits for
the first time the geodetlcally tying together of the continents by using
triangulation techniques. '

Gravimetric measurements.- The problem is very simple in principle -
it is to determine an expression of the form

g = sq[l + B sin2¢ - e(% k' - % G)Sin22¢j|

which provides the best fit to the observed gravity distribution over
the earth's surface, Within recent years, it has been possible to make
reasonably accurate measurements of gravity intensity over the ocean
masses by using the Vening Meinesz pendulum apparatus. This instrument
owes its origin to a desire on the part of Vening Meinesz to make meas-
urements of surface gravity in Holland which happens to be subject to
unusually large horizontal displacements. The insensitivity of the
apparatus to horizontal displacements enables its use aboard submarines
to measure gravity over the oceans (of course, it is necessary that the
submarine operate at sufficient depth to avoid vertical motions due to
surface waves). Although the precision of such measurements falls some-
what short of the precision of measurements on stable continental masses,
the data thus provided form a valuable adjunct to data obtained over
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land masses and in this regard gravimetric measurements have the edge
over astrogeodetic measurements, and the relative significance of free-
alr reduction as compared with isostatic reductlon discussed in relation
to astrogeodetic measurements 1s correspondingly lessened.

Gravity measurements are of two kinds:

(a) Absolute measurements having a precision of five parts in
1, 000, 000.

(b) Relative measurements having a precision of one part in
1, 000, 000, 000.

These values are given in reference 1 (p. 120). To this precision it is
necessary to make due allowance for the attraction of the moon and the
sun. Such precision of the relative measurements is particularly sur-
Prising when one bears in mind they are made by using the spring balance
Principle, that is, by observing the extension of a fine silica or Invar
wire.

Because of the superior accuracy of relative measurements over
absolute measurements, it has become customary to make absolute meas-
urements of gravity only at a number of key stations. Elsewhere, gravity
1s measured relatlive to one or other of these key stations. By interna-
tional agreement the Potsdam value of gravity 1s accepted as the inter-
natlonal datum in all gravity measurements. The initial determination
of gravity at Potsdam made in 1906 by Kuhnen and Furtwéngler was
981,274 £ 3 milligals. It is now belleved that this value 1is slightly
high as the result of their applying an erroneous correction for support
flexure. This error has been confirmed recently by absolute gravity
determinations made at National Bureau of Standards in Washington, D.C.,
and at National Physical Laboratory in Teddington, England. The revised
value recommended by Herrick in reference 2 is 981,260.9 % 0.7 milligals.

By using the original Potsdam determination as defining the general
level of gravity intensity, Helskanen in 1928 estimated the intensity
of equatorial value of gravity at 978,049 + 1 milligals. This value,
taken in conjunction with the parameters e,m adopted in the definition
of the international ellipsoid was proposed by Cassinis and adopted by
the Internationsl Geodetic Assoclation in 1930 as defining the inter-
national formule for normal gravity

g = 978,049(1 + 0.0052884 sin®g - 0.0000059 sinZ2g)

(¢ 1is geographic latitude). This relationship is based on a flattening
e = 1/297.
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From time to time it is to be expected that a slight adjustment
will be made to the flattening factor and to the absolute gravity at
Potsdam. Both adjustments will contribute a slight change in the value
of 8- Clearly a change in flattening factor will not alter the average

of the observed gravity values
g = gq(l + B sin®g' + 7y sin22¢‘) (21)

(by reverting to geocentric latitude @)

i g _ Z sing’ 2 sin®2g’

N N N

If it is assumed that measurements of gravity are made at polnts
uniformly distributed over the earth's surface (such an assumption does
not represent too great a departure from the truth; see ref. 2), then

n/2
( ) L sin°@' cos ¢' ag'’
s1n?@’ ) pean = =

fox/Ecos ¢' ag'

il

j"‘/e sin22¢' cos ¢' ag’
0

(sin22¢') mean = ilg

J;ﬁ/ecos ¢' ag'

Thus
gfn=gq(l+%ﬁ+%7) (23)

By virtue of the change in €, then gq, B, and y are subject to
change but not g,

0= losly)igftosr Lo
fep=0-t8g(1+3p+ g7 ) eg(308+ o

Ag
—~-lm-Eo (2k)

gq 15
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Since 7y 1s itself second order, adjustments to it can be ignored on
the grounds that they will be of even higher order.

e+ 22 k22 L g
AR

>
It
N\
=
=

where k 1s not subject to change and ex 1s second order and its varia-

tion can therefore be ignored. Hence
1
— 3A€ (25)

Adjustments to the Potsdam gravity Just raise or lower the gravity
value as a whole. If this adjustment is denoted by Ag, then

gq = gqo(l +Og + %‘-Ae) : _ (26)

This formula serves to determine the adjustment to the equatorial gravity
resulting from adjustments in both flattening factor and Potsdam gravity.

Some of the gravity formulas derived by different investigators over the

past 60 years are given in table II.

As in the case of astrogeodetic measurements the more recent deter-
minations, based as they are on more extensive gravimetric data, are
Presumably the more reliable.

Sufficlent gravimetric data exist to permit the inclusion of longi-
tude terms in the gravity formula. Some attempts to do this are given
in table IIT.

All results predict maximum equatorial gravity in the neighborhood
of the longitude of Greenwich and this result can be shown to imply a
lengthening of earth's figure in this direction. A number of leading
Russian geodists have proposed the following triaxial as a figure of
reference.

Mean equatorial radius = 6, 378,245 meters

r, - T
1

rq T 208.3

where rq 1s mean equatorial radius and Tp is polar radius.

O ~I\O ! A
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1

Flattening of equator €' = ———
30, 000

’

Longitude of long axis No = 15°

The difference between the ellipsoid of rotation and the triaxilal
ellipsoid is small. Thus in the case of the Russian ellipsoid, the
dimensions of which are presented, the difference between the long and
the short equatorial axes 1is only about 200 meters. Western geodesists
view the small advantages to be gained by its adoption as hardly com-
pensating for the additional complications.

Astronomical measurements.- As mentioned previously, this type of
measurement involving the observation of the moon's motion can be regarded
as a gravimetric measurement made at a remote distance. It has the advan-
tage that, by virtue of its great distance, the higher harmonic irregu-
larities have been smoothed out. Also since the moon is in orbital motion,
nature herself, to some extent, does our statistical averaging for us.
Such measurements are dlscussed in more detail in the section concerned
with the fundamental astronomical constants. ‘

The Irregular Part of the Earth's Field

Harmonic analysis.- Up to the present, the earth has been regarded
as being spheroidal in form. Deviations from such spheroidal form are
indeed relatively minor and it 1s only within recent years that 1t has
become a matter of practical necessity to determine the extent of devia-
tion. The purpose of this section is to consider the techniques avail-
able for the determination of the irregularities of the earth's gravita-
tional field. ILet us denote by W the potential associated with the
actual earth's field; U has been used to denote the potential asso-
ciated with the spheroidal earth. The difference is denoted by V; thus,

V=W-1

and this relation might well be ﬁermed the deviation potential. It can
be expressed as a serles in spherical harmonics as

S, S S, S
ve 2,23, X, 35, .. (27)
s B 5

An attempt will be made to express the deviation of the geold and the
deviation in surface gravity in terms of the deviation potential.
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Sketch 8

Points P and Q (see sketch 8) have the same geocentric coordinates;
P, however, is located on the spherold and Q is located on the geoid.
The definition of the potential is such that it represents the work done
on a unit test particle by the gravitational field as the particle is
brought from infinity up to the point in question. Such being the case,
then

WP=WQ+§N

where g defines the component of the actual gravity force in the direc-
tion QP averaged over the segment QP., Hence

WP-WQ=§N

Since the difference Wp - WQ is a second-order quantity as is

indeed the quantity N, it suffices to replace g by g where g 1is
now the normal gravity associated with our reference spheroid. 1In the
analysis of the spheroidal earth certain conditions were imposed; one
was that the spheroid was to have the same mass as the earth itself and
the other was that the potential of the surface of the spheroid refer-
enced to infinity was to be the same as the potential of the actual
geold. For mass distributions which are almost spherically symmetric
the potential of an equipotential surface determines the volume enclosed
by that surface. 1In other words, if the masses are rearranged slightly
although the equipotential surface itself would be deformed to a slight
extent the volume enclosed by that surface would not be subject to change
to a first order. It follows that the volume of the spheroid is essen-
t1ally the same as the volume of the geold. This being the case, then

O ~I\O = A
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==+ . .. (28)
P b )

-

- S
N = w——————P UP = z = l S—2 +
g g 8,3 .

Such a series development serves to define deviation of the geoid from
the spheroid of reference.

The deviation of surface gravity will be considered next.

Gravity associated) , Spheroid
gp! with spheroid p
Vd
P .7
Vd
-7 Geoid
(Gravity associated>
with geoid

Sketch 9

The actual gravity at point Q (see sketch 9) is equal to the normal
gravity at point P plus the deviation in gravity or the gravity anomaly
which is represented by Ag. If the Intensity of gravity in the actual
potential field is denoted by unprimed quantities and the intensity of
gravity in the field of the spheroidal earth by primed quantities, then

8y = 8pr * 08
or
Ag = gy - Bpr (29)
However, by definition
oW U  dV _ ov

& or or or %' T
Substituting this relation into equation (29) ylelds

oV
A€=8Q|'gpl"é';
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G
However, g' to a first order is equal to e and hence

re
2Gm
_ e 2
gQ'—gP'—- rBN‘—:-E;'ﬂ
Thus the gravity anomaly is
ng - - 28N _ N
r or

and when the expression already derived for N 1is substituted into this
relation

M:-%-%} (30)

Hence, the expression for Ag 1in the form of a harmonic series is

S 28 33
2 3 L

Mg =<+ =4+ = +... (31)
& b

In the light of these series developments for N and Ag, if the
gravity anomalies were measured over the entire earth's surface it would
be possible in principle to evaluate the harmonic terms of series (31)
and hence calculate the form of the geoid over the entire globe, ocean
masses as well as land masses. Thus by gravimetric analysis it would
be possible to establish the actual form of the geold which is something
that could not be done by astrogeodetic measurements.

Stokes formula.- In a wide variety of problems in applied mathematics
whether they be problems in dynamics of vibrating systems, problems in
elasticity, or problems in heat conduction, there are two approaches open;
one is the approach of determining the response to a sinusoidal fluctua-
tion and the other is that of determining the response to a unit impulse
(the Fourier approach or Green's approach, respectively). So it is in
the present problem. Thus a unit gravity snomaly, that 1is, the gravity
anomaly which at one point P is equal to unity and everywhere else 1s
zero can be consldered. By using the series developments already derived,
it is then possible to compute the form of the geoid associated with such
a gravity distribution. It is found to be of the form

O —~\Q
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where

F, = csc % vV +1-5cos ¥ -6 sin % ¥ - 3 cos V¥ loge[%in % w<l + sin % Wi

and ¥ 1is the angle between the direction of 0,§ and @p,Pp. In

the general case, therefore, in which the gravity anomaly 1s Ag arbi-
trarily distributed over the entire earth's surface, the deviation of
the geoid is then glven by the integral expression

_ 1
N = f F, &g ds (32)

where F, 1s clearly the influence function or the Green's function
appropriate to the problem. This formula was first derived by Stokes.

At first sight it appears to offer no particular advantage over the
harmonic approach which has been descrilbed previously, since 1t also
necessitates knowledge of Ag the gravity anomaly over the entire earth's
surface. Circumstances, however, can be envisaged in which it would be
definitely advantageous. Thus, suppose that the deviation of the geoid
at any particular point 1s insensitive to gravity anomalies over the more
distant portions of the global surface. In this instance the integration
over a neighborhood could be limited in the immedliate proximity of the
point P. Heiskanen and Vening Meinesz (ref. 1) have suggested that such
is indeed the case. Since they regard the deviations from equilibrium

as being relatively minor and moreover relatively localized, they suggest
as an upper limit to the deviation of gravity anomaly, 30 milligals

megametere. If the deviations of the center of such a gravity anomaly
are computed by using Stokes' formula they are found to be of the order
of 20 meters and external to the cirecle 3,000 kilometers radius the
deviation is of the order of 1.00 meter. Thils being the case, they have
calculated that, if Stokes' formula is used to calculate the deviation
of the geoid at the center of an area over which gravimetric data are
available to a radius of 3,000 kilometers, ignorance of the gravity
anomaly in the more distant regions 1is not llkely to lead to an error

in excess of more than 2.6 meters which is quite insignificant. Jeffreys
(ref. 3), on the other hand, holds a radically different view as to the
extent of the earth's deviation from equilibrium. He has suggested that
there are very wide-scale undulations in the earth's gravitational field
with amplitudes up to 100 meters and, if he is to be believed, then
Stokes' formula is only applicable if the gravity measurements are
available over the entire earth's surface. Within recent months, anal-
ysis of orbital data has decided the issue in favor of dJeffreys. (see
section "Geophysical Implications.")
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USE OF EARTH SATELLITES FOR THE DETERMINATION OF

THE EARTH'S GRAVITATIONAL FIELD

Nature of the Problem

The motion of an earth satellite is modified by the successive har-
monics of the earth's gravitational field and by observing and measuring
these perturbations one can deduce the magnitudes of these successive
harmonic terms. In addition, there are a number of extraneous perturba-
tional influences and although these complicate the analysis of the
earth's gravitational field, if a broader viewpoint is taken these addi-
tional perturbations are to be welcomed rather than deprecated, inasmuch
as they themselves provide data of very genlune scientifilc interest.
Among these extraneous perturbational influences are (a) air drag, (b)
electromagnetic drag, (c) lunisolar perturbations, and (d) solar radia-
tion pressure; influences (a), (c), and (d) have been proven to be of
significance and are detectsble in the case of the Vanguard orbit. There
is some controversy with regard to the significance of influence (v).
There are other perturbational influences, one such influence being the.
tidal influence. Although this influence has been examined theoretically,
no one would claim that this is other than of academic interest at the
moment. A short discussion of these extraneous perturbational Influences
is included because not only do they have intrinsic interest in them-
selves but in addition they have direct bearing on our analysis of the
earth's gravitational field, inasmuch as they will establish, by virtue
of the irregularities to which they are subject, the gravitational noise
level which will set a 1limit to the extent to which the harmonic analy-
sis can be carried and will also determine the feasiblility of detecting
some of the very minute relativistic effects. One of the requirements
imposed on the orbit of a geodetic satellite is that its perigee distance
not be too great. As a result therefore it is found that, of all the
extraneous perturbational influences, air drag is indeed the dominant
one. It is logical therefore that this influence is the one that is con-
sidered first.

Discussion of Extraneous Perturbations

Perturbations associated with air drag.- Air drag forces are opera-
tive at each point of the satellite's orbit; however, they are clearly
maximized in the neighborhood of perigee where the alr is densest and
where the veloclty of the satellite is greatest. Indeed for orbits
having eccentricity in excess of 0.02 virtually the entire drag contribu-~
tion comes from the immedlate proximity of perigee and the air drag can
be regarded as inducing a succession of retarding impulses as the satel-
lite passes through perigee. This condition will give rise to a

O ~I\O
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progressive shrinking of the satellite orbit with an associated diminution
in periodic time and a decrease in eccentricity. The changes wrought by
the earth's gravitational field are of an entirely different nature con-
sisting as they do of progressive movements of the node and perigee with
superimposed perlodic variations in all the orbital parameters. Thus,

the task of separating the influence of air drag from that of the gravi-
tational effects is simplified. Thus, it may be said that the coupling
between alr drag on the one hand and gravitational fileld on the other 1s
relatively minor.

Jacchia5 noticed that superimposed on the progressive change in the
satellite's orbital period was an oscillation of 27-day periodicity.
(See sketches 10 to 12 which are taken from ref. 5.) Some argued that
such a periodicity was in some way associated with the moon's motion,
perhaps the result of the perigee passing through the lunar tidal
bulge. The latter contention was clearly untenable since the moon pro-
duces not one tidal bulge but two; one at the sublunar point and the
other at the point diametrically opposite. The most plausible explana-
tion to date has been advanced independently by Jacchia (ref. 5) and
King-Hele (ref. 6). They assoclate the 27-day perlodicity with the sun's
rotation on its axis. For some time it has been known that the magnetic
field of the earth is subject to a 27-day periodicity. This periodicity
has been attributed to the existence of activity centers on the surface
of the sun. These activity centers may persist for a period of several
months. From them 1t is believed particles are continuously ejected.
Each revolution the earth is sprayed by these particles and this spray
glves rise to the variation in the earth's magnetic field and might equally
well be expected to give rise to a change in the density of the atmosphere
as a whole. Since the 27-day periodicity was particularly marked in the
case of Vanguard I which happened to have the highest perigee, it appears
that the density change is proportionately greater at higher altitudes.
Such an explanation implying as it does that the atmosphere as a whole
is subject to change is borne out by the observation that if the orbital
data of Sputnik II, Sputnik III, and Vanguard I are compared, the peaks
and hollows occur roughly in the same location. Further evidence in
support of this contentlion was not long in forthecoming; thus, Jacchia
noticed the orbital period of Sputnik III was subject to particularly
abrupt changes in July and December of 1958 (sketch 13 from ref. 7),
in each instance, about 24 hours after the onset of a major solar flare.
No such change was noticed, however, in the case of Vanguard I. It is
known that the flares give rise to plasma clouds and it is further known
that it takes approximately 24 hours for these plasma clouds to reach
the proximity of the earth. In this instance, it 1is believed that the
plasma cloud on reaching the earth filled the outer part of the Van Allen

JHarvard College Observatory Announcement Cards 1391 and 1392.
(See ref. 4, p. 345.)
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radlation belt. Particles overflowed through the polar extremities of
this belt, heated the air in the auroral zones, and produced an increase
in density. The orbit of Sputnik III happened to pass through the auroral
zone and thils condition would account for the augmented drag. For
Vanguard I, on the other hand, which had a lower orbital inclination, the
effect did not manifest itself. There are, however, still certain fea-
tures awaiting explanation; one such feature is the fact that the 27-day
periodicity in the geomagnetic fileld is only detectable during periods

of solar minimum, whereas the 27-day periodicity in the orbital period
of the earth's satellites has, however, been observed during the past
period of solar meximum.

In addition to the 27-day periodicity, an examination of the decrease
in the orbital period disclosed a periodicity of somewhat longer duration.
In sketch 12 those intervals during which the perigee 1is on the night side
of the earth and those intervals when the perigee is on the daylight side
have been defined. The drag level of the earth is higher when the perigee
is in daylight than when it is in darkness. This result is to be expected
since the air on the day side is warmer and hence the density at any par-
ticular altitude is greater. The same effect 1s to be noted in the case
of Vanguard I; thus, there 1s an increase in a drag level as the perigee
moves through the proximity of the subsolar point. (See sketch 11.)

In addition to these periodic variations in drag level, alr drag
also induces a change in the orbital inclination. This effect is only
manifest during the final stages of the satellite's orbital decay when
the satellite is moving through relatively dense air. The earth's atmos-
pheric mantle participates, of course, in the earth's rotation and this
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participation induces cross winds which will result in a decrease of
the inclination of the satellite's orbit (sketch 14) as is observed.
The assumption is that the satellite is moving in a counterclockwise
directlon when viewed from the north. If the satellite were moving in
the reverse direction, then the orbital incllnation would be expected
to increase.

1ied by crosswind force !
Orbital a_ngular / TOI‘que app N

momentum vector 1
1

g

T

c 9

Tosswind force
Crosswind force
Sketch 1k

Jastrow (ref. 7), although agreeing that the observed variations in
drag intensity are attributable to solar activity, has suggested that
these effects may well not be the result of a direct increase in air
denslty but rather the result of an augmentation of ionization level which
in turn will increase the electromagnetic drag forces. On this question,
there appears to be a difference of opinion and this seems to be an oppor-
tune moment in which to introduce a brief discussion of electromagnetic
perturbation forces.

Electromagnetic perturbation.- An earth satellite, by and large,
moves in an ionized medium, the ionizatlon level being particularly high
within the radiation belts. The temperature of the medium is such that
the speed of the ions is appreciably less than the satellite speed.
The speeds of the electrons, on the other hand, are apprecilably greater.
As a result, the ions are encountered only by head-on impact; the electrons,
by virtue of their great mobility, impact the satellite from all direc-
tions. As a consequence, there are a much greater number of Impacts of
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electrons than there are of lons and, as a result, the satellite acquires
a negative charge. Jastrow and Pearse (refs. 7 and 8) were the first to
examine this effect and estimated that a voltage of the order of

1,000 volts might well be acquired during passage through the inner
radiation belt. More. recent and more detalled analyses have suggested
that the original estimate of Jastrow and Pearse grossly overestimated
the magnitude of the effect and that the negative voltage acquired would
be more likely to be of the order of one-quarter of a volt.

- The charged satellite moving through the earth's magnetic fleld
would be subjected to a perturbing force and its orbit would be to some
extent modified. The magnitude of the effect can be gleaned from ref-
erence 9, in which a satellite of 0.8 pound mass is moving in a circular
orbit with a radius of 6.5 X 1053 kilometers within the earth's magnetic
equatorial plane. The satellite 1n question suddenly acquires a charge

of 10~2 abcoulombs and it is calculated that the satellite during one
circuit will be perturbed to the extent of approximately 20 kilometers.

On the basis of these numbers, one might adduce that the effect is a very
significant one indeed. However, when the matter 1s considered in a
little more detail, a mass of 0.8 pound, if the satellite is assumed to

be a balloon satellite composed of Mylar, would have a diameter of about

5 meters and for such a sphere to hold a charge of 10-3 abcoulombs implies
that the voltage would necessarily be of the order of L0 X 106 volts.
Clearly then on introducing more realistic numbers pertaining to the ratio
of mass to charge the orbital devlation is going to be of the order of
millimeters rather than kilometers and the effect is going to be quite
undetectable.

There is a further effect to which a charged satellite is subjected.
A satellite having a negative charge becomes surrounded by a positive
space charge and hence the cross section relative to ion impact (and it
is these lon impacts which determine the intensity of the electromagnetic
drag) is increased. Jastrow and Pearse estimated that the increase in
cross section may be a factor of tenfold to fiftyfold. However, it is
seen that Jastrow and Pearse did indeed grossly overestimate the magni-
tude of the effect in question and the present bellef is that the effect
is very small. TFor this reason, the consensus 1s that variations in
drag intensity observed in the satellite's motion are to be attributed
to air drag rather than to electromsgnetic drag.

Lunisolar perturbations.- A detailed examination of the trajectories
of Vanguard I disclosed a periodic variation in perigee height of about
1 to 2 kilometers with a perlodicity of 449 days. Such a variation in
perigee could not, of course, be attributed to drag forces nor could the
periodicity be associated with any of the harmonics of the earth's grav-
itational field. It was Kozai® who first determined the source of this

6Kozai: New York Times, Aug. 21, 1959.
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perturbation as the lunisolar influence. Such perturbations can become
very appreciable if resonances occur. Thus, if the perigee moves in
step with the sun or the moon, there may result a progressive change

in perigee of the order of 1 kilometer per day over a period of several
years. Clearly, due allowance must be made for this perturbation in
computations of the lifetime of earth satellites.

Solar radiation pressure.- A further perturbation which was discerned
in the case of Vanguard I was a variation in perigee height with a period
of 850 days. Such a periodicity corresponded to the diurnal motion of
perigee, that 1s, the time taken for the perigee to make one complete
rotation relative to the sun. It seems resassonable to suppose that this
perturbation is the result of solar radiation pressure. It may occasion
some surprise that radiation pressure forces induce changes in orbit com-
parable to the lunisolar perturbations since the radiation pressure forces
are only about 10-5 of the gravitational forces. However, one must bear
in mind that the solar gravitational forces influence the earth and the
satellite almost to the same extent and the gravitational effect is the
difference between two large numbers whereas in the case of radiation
pressure this condition influences the satellite orbit alone. This per-
turbational influence also must be considered in computations of the life-
times of earth satellites. Therefore, the magnitude of the solar radia-
tion perturbation increases as the ratio of satellite area to satellite
mass Ilncreases and thus satellites such as Echo will be particularly sus-
ceptible to perturbations of this kind.

Detailed Analysis of the Earth's Gravitational Fileld

The presentation in this section follows closely, albeit superfi-
clally, the treatment as given in reference 10. The zonal harmonics
by virtue of thelr axisymmetry do not introduce time dependency into
the gravitational field as a result of the earth's rotation. The tes-
seral harmonics do. It is intuitively obvious, however, that the influ-
ences of these tesseral harmonics will be effectively smoothed out
in the case of Vanguard and other satellites which have been used thus
far for geodetic purposes and in order to detect the tesseral harmonics
it would be necessary to use a satellite having an orbital period of
approximately 24 hours. Any changes in periodic time therefore must be
attributed to the effect of air drag. From the observed changes in
periodic time one can compute the assoclated changes in the semimajor
axis. Hence, since drag does not produce any change in perigee distance,
the variation in eccentricity resulting from air drag can be computed.
Denote the drag contribution to eccentricity by Ae, denote the measured
value of the eccentricity by epesss, and the eccentricity which would
have been measured had drag forces not been operative by eg: Then

€g = €pegg t He

O ~\O = H
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From an empirical analysis of the orbital data

eg = €o + Ae sin o (33)

The orbital inclination 1 1itself i1s not significantly influenced
by drag except in the final stages of orbital decay. Thus,

i, = ineas

=1, + A; sinw (34)
The influence of alr drag on the location of the nodal point and the
perigee position are somewhat more complicated. Thus, the rate of nodal
procession  and the rate of perigee movement & are given by

2 3n cos i
Q = =- ‘é‘ — '2-""_ CE,O (35)
p=Gmg
and
.o 3n 5 )
w = QGme( - K sin 1>C2’o (36)

It will be noted that these rates are not only dependent upon the
oblateness of the earth but are also influenced by the semimajor axis
and the orbital eccentricity and, since these parameters are in turn
influenced by drag, drag will in turn modify to some extent both
and &. If the change in the semimajor axis induced by drag during the
interval, epoch up to time =+, 1s denoted by 8a +then the drag contribu-

tion to nodal procession at time ~ 1s given by

. 3 cos 1 T-e
= - — B
Q 9/2 012 02:0(1 + e> &
homga” ' (1 - e?)

The drag-induced change in the nodal location after time t 1s therefore

t
M= | (sd)ar = - 2 cos 1 x> 0<1 = e)f (8a)dr
to theag/e(l - e )

By the same token

Mo = (sd)dr =
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Thus, the following expressions are obtained

Qg = O + &0 = Qg + Qg(t - tO) + A cos ® (37)

and

wg + dg(t - to) + Ay cos (38)

g

Wy + LW

Equations (33), (34), (37), and (38) serve to define the time
dependence of the orbital parameters resulting from gravitational field
alone. Thus, the influence of alr drag is effectively eliminated. Denote
the earth's gravitational field by the following series:

c c c C
_Co,0  C2,0,(0) %30 (0)  “u,0,(0)
W= By B+ — By (39)

The tesseral harmonics are omitted for reasons already given. The first
harmonic is omitted by virtue of the fact that the origin of the coordi-
nate system of reference is placed at the center of the earth. The
second and fourth harmonics contribute to the progressive movement of
the node and perigee, that is, they contribute to QO and &0 and the

measured values of these parameters can be used to deduce the magnitude
of both the second and fourth harmonics. In this way, the following
values are obtalned:

Cy o = -17.55 + 0.001 (megameters)5(k:iloseconds)-2
J

Chbo = 1.12 + 0.00k (megameters)'T(lt.’L].oseconds)_2
)

The sinusoidal variation of orbital parameters are attributed to
the third harmonic component of the earth's field. If the potential
associated with this harmonic component is denoted by the following
expression:

C C
_ 23,05 (0) _ 73,005 , 24t 3 '
W5 = .—rL- P3 = _r.-i—(5 sin ¢ - 5 sin ¢> ()-#O)

where @' 1s the geocentric latitude, then
sin ¢' = sin 1 sinu
where 1 1s the orbital inclination and u 1is the distance of the

satellite from the nodal point. The following expressions are given in
Moulton (ref. 12) for r and u in terms of the orbltal parameters.

\O ~I\O '
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r=al(l-ecosM+...)
u=m+M+2e sin M + .

When these substitutions are made, it is found that W3 has time depend-

ency as the result of terms involving @ and M. The terms involving
M represent high-frequency fluctuations and are rejected on the same
grounds as the tesseral harmonics were rejected. Thus the following
expression for W5 is obtained:

C
___3_ 30 .2.2_ . )
Wz = 5 —;ﬁ—-e sin 1(4 sinci 1)sln w (41)

The time rates of change of the orbital parameters resulting from
this perturbational potential have been given in reference 12 (p. 399):

da.

e 0

dt nele AW

di _ cos 1 aWB
dt na2v1 - eé sin 1 dw
an 1 oW

dep cos i 7 5W5 + Vl - e2 6W5
dt naEVl - e2 sin 1 oi naee de

These expressions define the time rates of variations of the orbital
parameters resulting from the third harmonic alone. However, the fluctu-
ation in both e and 1 will induce fluctuations of corresponding
periods in @ and &, through the earth's oblateness terms. Hence, it
is necessary to apply corrective terms to the expressions given for
dQ/dt and dw/dt. Thus,

oW .
@: 1 5+Sag—7Ai+
oi

dt naQVI - e2 sin i o1

Qe

&%
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dw _ cos 1 aw5+Vl'eeaw5+§5_QAi+®Ae
d naqu - eé sin 1 ot naee de o1 de

The terms which are underlined represent coupling between the second
and third harmonics.

On making the necessary substitutions the following equations are
obtalned:

i

K105,0 sin w A.e sin w

KéCE,O sin w = Ai sin

KBCS,O cos @ = AQ cos W

KhCB,O cos w = ﬁm cos

The equation involving de/dt and the equation involving di/dt are,
however, interrelated to the extent that angular momentum about the
earth's polar axis 1s preserved. Insofar as the gravitation component

is concerned, no change takes place in the semimajor axis and any decrease
in inclination must be accompanied by a corresponding reduction in eccen-
tricity. Of these two equations, the one involving eccentricity is
retained on the grounds that the measured value of eccentricity i1s known
to a higher degree of precision than is the measured value of orbital
inclination. Thus, three equations remsin from which to determine the
constant A . These equations are solved by the method of least squares
and yield a’¥alue of Az o of 0.25 % 0.03 (megameters )6 (kiloseconds)~2.

Thus the following expression for the earth's gravitational field 1is
obtained when the determined values of the various harmonics are
introduced:

398.618 17.555 | (0) 0.25 _ (0) = 1.12 _ (0)
= - 222 N
W = 3 Py + 3 Pz + 5 Py, (L2)

In the notation adopted in the section "Theory of External Field"

W = Gme 23 . J<£2>3(% - sin2¢') + ( )uPB(sin ¢') + 35 D( )5Pu(51n ¢')

Ty | T r
(43)

\O ~I\O
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where

308.618 (megameters)B(kiloseconds).'2

g

J = 1.6238 x 10~

= 2.4 x 10-6

o
|

7.5 x 106

w]
I

When the earth is assumed to be 1in a condition of hydrostatic
equilibrium, the potential is

U= 398;618 - 17;272 P2(0) N 1;25 Pu(o) (44)

(The potential in questlon corresponds to a flattening of 29; 8')

The difference therefore defines the departure of the earth from
equilibrium. This difference is associated with the deviation potential
of

_ _0.183 _ (0) . 0.25 4 (0) 0.83  (0)
V=W-U-=- = Pyt + = Ps' ' - == Py (45)

By using equations (28) and (31) one can compute the deviation
values of surface gravity and the departures of the geoid from the
equilibrium spheroid:

N 1 [ 0185 (0 025 (0) _ 0.83 (0 , 16 1eiere

9-81| g 3783 2 6.578% 6. 35785
(46)
Ag = |- 9;}§2H pe(o) b 22 Ps(o) - _2;223 p (O % 10° milligals
6.378 6.378° 6.378
(47)

The results are plotted in sketches 15 and 16 (taken from ref. 11).

- If the hypothesis of Heiskanen and Vening Meinesz had been valid, then

the curves of sketch 15 would have assumed the form of a number of
discrete blips both positive and negative not exceeding, however, the
area of the shaded square. The curves of sketch 16, on the other hand,
would have been constrained to lie within the shaded band except at a num-
ber of discrete points where 1t may on occasion have pesked to 20 meters
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corresponding to the center of large gravity anomalies. The satellite
data are clearly in conflict with the Heiskanen hypothesls and support
the contention of Jefifreys that the departures from equilibrium of the
earth are indeed very appreciable and correspond to wide-scale undula-
tions in the geold to something of the order of 100 meters.

Geophysical Implications

How then does the earth support such marked departures from equi-
librium? Two mechanisms have been proposed: (a) they are supported by
convection currents in the earth's mantle, and (b) they are supported
by the inherent strength of the material constituting the earth's mantle.

Licht in reference 13 has inquired into the feasibility of mecha-
nism (a). By assuming a system of convection currents similar to that
depicted in sketch 17 and assigning a value of 1022 poisses for the vis-
cosity of the material comprising the earth's mantle, he has computed
the velocity of the convection currents required to support the measured
bulges. He finds it to be 3,64 centimeters per year (corresponding to
an overturn time of 175 X lO6 years). With the velocity of the convec-
tion currents and the viscosity known, he then computes the power which
is necessary to maintain the convection currents and finds it to be

5.8 x 1018 ergs per second.

N
Mantle
Flow
lines
S
Sketch 17

The earth can be pictured as a glgantic heat engine in which these
convection currents are maintained by the outflow of heat from the core
to the surface. The heat coming from the core is estimated to be

8.2 x 1018 ergs per second.
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The Carnot efficiency 1 1s therefore:

Work done

Heat extracted from the hot body (earth's core)

5.8 x 1018
18

n= = 70 percent

8.2 x 10

The temperature difference between the core and the surface is also known
and from this the ideal Carnot efficlency can be deduced. It was found
to be 84 percent. The actual efficilency is much too close to the ideal
efficiency to be realistic, and on these grounds the convection hypotheses
is rejected as untenable.

There 1is no recourse then but to assume that the departures from
equilibrium are Indeed supported by the inherent strength of the earth's
mantle. Had the earth been an elastic body, the stresses within the
interior could have been evaluated in a relatively straightforward man-
ner. Thus assoclated with any specified surface loading of the form

a,S, where 8, 1s a surface harmonic of degree n, the greatest stress

, 2
difference would have been M\ a,\|S,  where Sn2 1s the value of Sn2

averaged over the surface of the sphere and N, 1s approximately equal
to unity. For n = 2, this maximum stress deviation would have occurred
at the core; for n = 3, it would have occurred at a distance of 0.4 of
the earth's radius; and for the higher harmonics exceeding 3, it would
have occurred at a depth of approximately a/n where & 1is the earth's
radius. However, the earth is not an elastic body; the occurrence of
thrust and faults in the earth's crust layer testifies to this fact and
has led Jeffreys (ref. 3) to adopt the following alternative approach.
He has rejected the conditions of elastic deformation and retained only
the equations of stress equilibrium. There are an infinite number of

stress distributions which will suffice to support a given surface loading.

Of this infinite number of stress distributions, one yields the minimum
value of the peak stress difference. Such a minimum value defines s
lower bound on the stress difference which must occur within the earth's
interior. Taking his own numbers for the deviation of the earth from
equilibrium which indeed, as has been pointed out earlier, are substan-
tiated qualitatively at any rate by the analysis of orbital data, Jeffrey
finds that, if the stress is supported by the entire mantle external to
the core, the strength of the material cannot be less than 1.5 X 108 dynes
per square centimeter. If, however, 1t 1s supported wholly by the mantle
up to a depth of 0.1 of the earth's radius, the strength cannot be less
than 3.3 X 108 dynes per square centimeter.

O N0
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MEASUREMENT OF CERTAIN ASTRONOMICAL CONSTANTS

The System of Astronomical Constants

The measurement of the so-called terrestrlal constants which serve
to define the form and figure of the earth have been discussed in a
previous section., These constants are needed in the computation of earth
satellite orbits. In this section those additional constants which will
be needed in the computation of interplanetary and lunar trajectories
and which are involved in problems of space navigation will be discussed.
These constants, those of this section and of the previous section, con-
stitute part of the "system of astronomical constants."! The use of the
word "system" implies an inner structure. This 1s provided in the pres-
ent instance by a number of theoretical relationships Involving the var-
ious astronomical constants. Celestial mechanics differs from most other
sciences inasmuch as certaln of its theoretical relationships are valid
to a higher degree of precision than are the observational values of the
parameters which they contain. Such being the case, it 1s clearly incum-
bent upon us to make the fullest possible use of these relationships in
developing a system of astronomical constants. A logical procedure would
be to choose those parameters which can be measured with the highest
precision as fundamental parameters and use the pertinent theoretical
relationships to derive the others. This appears to be the motivation
of DeSitter in reference 15. By virtue of the interlocking of these var-
ious constants, any adjustment of the value of any one of them will neces-
sitate adjustments in the others (to preserve theoretical consistency);
in short, such an adjustment will permeate the entire system and necessi-
tate complete revision of the astronomical tables. Such a task is not to
be lightly undertaken and this explains why revisions to the system of
astronomical constants are made so infrequently. The presently accepted
values were approved by the International Astronomical Union in 1898.

There is an additional reason why internal consistency should, at
all costs, be preserved even at the expense of accepting certain inaccu-
racies in the values of certain of the parameters. Thus different inves-
tigators may base thelr calculations on somewhat different parameters.

If the parameters they have used are theoretically imcompatible, the
results of their investigations will be theoretically incompatible and

TThere appears to be no universally accepted definition as to what
is embraced by the term "system of astronomical constants." Clemence in
reference 14 regards the system of astronomical constants as constituting
all parameters of interest in celestial mechanics apart from (a) elements
of planetary orbits, and (b) masses of planets other than those of sun,
moon, and earth.
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the meking of a comparison between the separate investigations will be
materlally more complicated.

The Universal Gravitational Constant (G)

The parameter which is the most fundamental in all matters pertaining
to gravitational fields 1s the universal gravitational constant.

Determination in laboratory units.- A number of determinations have
been made of this in the laboratory. The first apparatus for this purpose
was bullt by Rev. John Mitchell in the latter part of the 18th century.
It consisted of a wooden arm about 6 feet long bearing at its ends lead
balls about 2 inches in diameter. Two larger spheres about 8 inches in
diameter were brought up to the proximity of the smaller spheres (see
sketch 18) and caused the beam to rotate somewhat against the torsion of
the wire. The deflection coupled with a knowledge of the torsional
strength of the supporting wire would have enabled the forces between
the lead spheres to be evaluated. This in turn would have lead to a
determination of G. Rev. Mitchell died before he could make a deter-
mination. His apparatus fell into the hands of Cavendish who did make
careful experiments in 1797 and 1798.

Torsion wire

Sketch 18

The use of such a bulky apparatus for purposes of making such del-
icate measurements 1s fraught with uncertainties resulting from distor-
tions of the apparatus, temperature differences, and air currents.

A much more compact apparatus (essentially the same in principle)
was designed by Boys in 1895. The arm was only 24 centimeters in length
suspended on an extremely fine quartz fiber and bearing at its extremities
two gold balls 5 millimeters in diameter. The attracting masses were
lead spheres 10 centimeters in diameter.

A 1A L bl
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In more recent determinations, Heyl (19%0) and Heyl and Carzanowski
(1942), instead of using spheres as the attracting masses, have used
cylinders. (Cylinders have the advantage that they can be shaped to a
higher degree of precision than can spheres.)

The currently favored value is

3
6.670(1 £ 0.0007) X 1073 ——
gm-sec

Determination in terms of astronomical units.- The astronomers'
interest 1s primarily centered on orbital motions relative to the sun.
A set of units more suited to the astronomers' particular needs was pro-
posed by Gauss:

Unit of time: Mean solar day.
Unit of mass: Mass of the sun.
Unit of distance: Semimajor axis of the earth's orbit.

The gravitational constant expressed in terms of these units 1s referred
to as the heliocentric gravitational constant and is conventionally
denoted by kg. By applying Kepler's third law to the orbital motion of
the earth-moon system,

2ﬂa5/2

k. =
P\mg + (me + m, )

5]

In terms of the Gaussian astronomical units
a =1

1

"

Mg

Uncertainty of kg arises solely as a result of an uncertainty in
m. +m
P (sidereal period in mean solar days) and in the ratio -f%i——-l.
s

The

m. +m
e
orbital period is known with extreme precision. The mass ratio L

Mg

is much less accurately known; however, 1t does not sensitively affect
the ~ lue of kg. As a result in terms of these Gaussian units, the

gra .ational constant is known very precisely 1ndeed. More accurate

me +m7_

o have, however, been made since the

dete minations of P and
S



52

time of Gauss and rather than adjust kg which permeates the entire

orbital computational procedure, it has been deemed advantageous to
incorporate the change simply by revising the unit of length. The revi-
sions necessitate simply introduction of an appropriate scaling factor
to all lengths appearing in the end results of the orbital computations.

The current definition of the astronomical unit of length is the
mean distance of a fictitious unperturbed planet having exactly the mass
and perlod used by Gauss. It is hardly necessary to point out that the
difference between the Gaussian unit and the astronomical unit of length
is extremely small. Thus, according to Newcomb, the mean distance of
the earth from the sun is 1,000,000,230 astronomical units.

Interrelationshlip between laboratory units and astronomical units.-
By way of summary, the gravitational constant has in effect been measured
on the basis of laboratory experiments (in terms of laboratory units) and
on the basis of what might be regarded as one of nature’s own experiments
(in terms of natural astronomical units). The much greater accuracy of
the determination in terms of astronomical units testifies to nature's
superior skill in setting up an experiment approximating much more closely
idealized conditions.

It has always been of interest to tie the laboratory units to the
astronomical units; however, of late, it has become a matter of practical
concern. Thus, in considering an interplanetary voyage, the initial con-
ditions will be expressed in terms of laboratory units, whereas the ter-
minal conditions (motion of the destination planet) are expressed in
astronomical units. Insofar as the conversion of units of mass 1s con-
cerned, this is not important 1n trajectory work since it is only the
ratio of masses which is significant and not the units in which the indi-
vidual masses are measured. The laboratory units of time measurement are
the same as astronomical units and the question of conversion does not
arise here, Only in the conversion of length measurements does an acute
problem arise. This is the problem of the determination of the solar
parallax to which some consideration will be given later.

Mass of the Earth

The mass of the earth can be determined in one or the other of two
ways:

(a) By direct measurement.

(b) Indirectly by measuring accelerations induced on test bodles
moving 1n the gravitational field of the earth and making use of the
independently determined value of the gravitational constant.

Thus, it is possible to use either

AN =T\ s
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Gm .
g = — (48)
2
or /
3 /0
= (49)

suitably modified to allow for slight perturbational effects. Whether
equation (48) or equation (49) is used, the measurement is the same in
essence. Thus by using equation (h8) accelerations in motion of two
bodies along their line of centers are measured and by using equation (49)
accelerations associated with orbital motion of one body about the other
are measured.

Although the accuracy of the indirect measurements is somewhat
superior to that of direct measurement, from the point of historical
interest a brief description of two of the more celebrated classical
attempts to measure it directly are included.

One of the earliest attempts at a direct determination of the mass
of the earth was made by the English astronomer Maskeylyne in 1772. The
method consisted of suspending a plumb bob in the proximity of a mountain
mass and noting 1its deflection 8.

5 - Horizontal pull of the mountain _ G-mmm/d2 _ Oy iﬁ
Vertical pull of the earth Gmem/?a Me g2
where
i mass of mountain
Me mass of earth
d distance to center of mass of mountain
r radius of earth

By assuming a specific gravity of 2.5, both the mass and the location of
its center of mass of the mountain could be estimated and hence the mass
of the earth deduced.

The value obtained by Maskeylyne was considerably in error. The
error arose principally as a consequence of the condition of isostasy,
that 1s, that mountain masses are at least partially compensated by mass
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deficiencies under their bases. 1Indeed, 1f he had performed his experi-
ment in the proximity of certaln mountain ranges he would have found the
plumb bob repelled by rather than attracted by the mountain.

A laboratory determination of the mass of the earth was made by
Von Jolly in 1881. His apparatus consisted of a balance having two scale
pans supported from each arm. A mass m (5 kilograms) was placed in one
of the lower pans (that is, D 1in sketch 19) and an identical mass in
the upper pan A supported on the opposite arm. The gravitational pull
in the lower of the two masses was somewhat greater than that on the
other because of its closer proximity to the earth's center. Balance
was reestablished by adding a small welght in pan A. A large mass M
(5775.2 kilograms) was then placed beneath pan D. As a result of the
gravitational attraction of M on m +the balance was again disturbed
and was reestablished by placing a very small mass m, on the upper
pan A.

Sketch 19

The force on m. exerted by the earth must then be equal to the
force between m and M. Hence
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from which we can calculate the unknown me.

Von Jolly obtained a value of 6.15 X lO27 grams. This value is
about 3 percent higher than the currently accepted value of
5.974 £ 0.005 X 1027 grams. The reason for the rather large discrepancy
stems from the use of bulky apparatus subject as it is to distortions,
unequal temperature, and so forth, to make measurements of extreme
delicacy.

Figure of the Moon (Theoretical Considerations)

The form and size of the moon will now be considered. TIn the case
of the earth, the principal deviation from spherical form resulted from
the earth's rotation on its axis. In the case of the moon, the rate of
rotation is much slower (once in about 27 days) and, in addition, it
maintains essentially the same attitude relstive to the earth and there
1s every reason therefore to expect a sizable tidal bulge to exist.

In the theoretical treatment of the earth's figure certain specious
reasons were advanced for believing that the earth was essentially in a
condition of hydrostatic equilibrium. The same arguments can be invoked
in the case of the moon and 1t 1is clearly of interest to investigate the
equilibrium form which would be assumed by the moon under this hypothesis.

The mathematical problem which poses itself is to determine the form
assumed by a fluid mass under the joint action of

(a) Its own gravitational field.
(v) Its rotation.
(c) The earth's attraction.

In the case of the moon, the analysis can be materially simplified by
introducing the assumption of uniform density throughout. Such an assump-
tion is Justified on the grounds of the smallness of the lunar mass (the
internal pressure nowhere attalns that existing at the base of the earth's
crustal layer). The detailed analysis is presented in reference 3, where
it is shown that to a first order the moon is a triaxial ellipsoid with
its longest axis pointing toward the earth and its shortest axis coin-
ciding with its axis of rotation. The following expressions are derived
for the lengths of the three axes:
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longitudinal axis (pointed toward earth),

E(} + %g

[¢]

S|P

)]
\.Nl N
N

transverse axis,

ECL- }9.29.§2>
12m, .3

polar axis (axis of rotation),

s(1 - 22 EE Ez
12 my c5

where

c distance between earth and moon
s mean lunar radius

Me mass of earth

my mass of moon

Once its geometrical form is established and the assumption of uniform
density is made, the moments of inertia about the principal axes of the
lunar ellipsoid can be evaluated. (See ref. 1L4.)

In particular, by denoting by I3, Ipy, and 151 the moments of

inertia about the longitudinal, transverse, and polar axis, respectively,
the following relations are obtained:

Ixy - I
—521——11 = 0.0000375

37
I,, -1

2

2 2l 6.000009k
I, - I )
2t~ "1l _ .0000281
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The principal use of these theoretical investigations is in the
determination of the extent to which it tallies with observational data,
for in this way the validity of the hypotheses underlying the analysis
is checked. In the case of the earth, the observational data were pro-
vided by astrogeodetic and gravimetric measurements made on the earth's
surface. As yet the capability of meking similar measurements on the
lunar surface has not been developed. The observational data 1n the case
of the moon is provided by the perturbations in the lunar orbit and the
angular motions about its center of mass which result from the moon's
lack of sphericity.

Orbital Perturbations and Librations Resulting From

Lack of Sphericity of Gravitatlng Bodies

Static considerations.- Two spherically symmetric bodies placed with
their mass centers at a distance D apart attract one another with a

myms
force equal to G — (See sketch 20.)
d

Mass my Mass

B D

Sketch 20

In the event that either or both of the bodies lack spherical sym-
metry the force of interaction must be amended somewhat. Thus, suppose
the mass of body 2 is redlstributed to form a spheroid (see sketch 21).
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Sketch 21

Specifically suppose the polar mass at a 1s brought forward to form

the bulge at b and the polar mass at ¢ 1s displaced an equal distance
to the rear to form the bulge at d., Displacement of mass from a to D
will result in an increase 1n gravitational pull whereas that resulting
from mass transfer to ¢ to 4@ results in a reduction in gravitational
pull. By virtue of the fact that the gradient of the gravity field
increases as the attracting center 1s approached, these two effects are
not quite equal but result in a slight net increase in overall force AFy.

- In addition, since the force on b exceeds that on d there results a

net force in the upward direction AFy and a net torque AQ about the
mass center of the oblate body in the direction indicated.

The resultant force on the spherically symmetric body acts through
the center of the mass. By applylng the laws of statics it is noted that
the component of the resulting force along the line of centers is equal
to Fy + AFy and the component in the vertical direction is AFy down-

wards. Moreover, since the net moment on the entire system is zero, it
follows that AQ = 4 : AfFg.

Analytic expressions for these force and moment increments can be
obtained by appealing to MacCullagh's formula which serves to define the
potential of a body of arbitrary shape at a "distant point." (See
sketch 22.)

O ~1\0  H
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Irregular body b
b
a a
P
Sketch 22
2 I, + Iy + I, - 3T
v = B 4 X Y Z
d 243
where
I moment of inertia about arbitrary axis QP
Iy moment of inertia about principal axis Qg
Iy moment of inertia about principal axis @
Iz moment of inertia about principal axis QC

Since in the case presently under consideration the body 1is
spheroidal Iy = Iy and I = Iy sin20 + Iy + Ig cos20. Hence

Iy + Iy + Iz - 31 = 2Iy + Iy - 3(Ty s1n% + I cos®o)
2 1l
= -3(I, - Iy}lcos“B - =
3(1z - ) (coe 3)
Thus

m 3(I, - T
ﬂ[ =G ?2 - —(z_—_).(...)_(cosee - }-)
033 3

29

Inertial
ellipsoid

(50)

(51)

If this expression for the potential of a spheroidal body is com-

pared with the more complete expression given in section "Theory of

External Field" what is meant by the phrase at a large distance appearing
in the enunciation of MacCullagh's theorem can be seen. It is & distance
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sufficiently great to ensure that contrlbutions arising from third and
higher harmonics are insignificant. If, instead of a unit mass at P
(as is implied in the definition of potential) there is a mass mjp; the

mutual potential energy is actually given by

E mq (I, = T
\I! =G o - 2 ._l(_E___lecosgg - l (52)
a2 \ 3

a2

Force and moment components are determined by the following
derivatives:

_ mmy g Iz - Iyxs o1
FX+AFX—-%§=G-;2—'-EU11T<COSQ-3-)

I, -1
AQ = - o . G(—- 2m]_ — sin29>
2 3’

Note that AQ = (d)(AFZ) as is demanded by conditions of statical
equilibrium.
Dynamic considerations.- First of all consider the orbital motion

of & spherically symmetric body about an oblate body. In this case the
forces which are operative on the spherical satellite are modified
slightly as a consequence of the oblateness of the attracting mass and
hence the orbit is perturbed somewhat from Keplerian form. However, the
force acting on the satellite at all times acts through the center of

mass and no angular motlons are induced. Conslder next the complementary
situation in which a spheroidal satellite is in orbit about a spherically
symmetric mass. In this case the oblateness of the satellite induces
changes in the force components resulting in perturbations in the orbital
motion. It also gives rise to a torque about the center of mass producing
angular motions (librations) about the center of mass. It is of interest
to compare the magnitude of these angular motions with the magnitude of the
perturbations in orbital motion. A measure of the amplitude of the libra-
tions 1s provided by the ratio AQ/Ma2 where AQ 1s the applied torque,
M 1is the mass of the satellite, and a 1s a representative body radius.
In considering the perturbations in orbital motion it suffices to consider

\O ~N\O H
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the influence of the force increment AZ. This condition gives rise to
a torque (R)(AZ) = AQ about the attracting center and operative on
the orbit as a whole. A measure of the perturbation to which the orbit
is subject as a consequence is provided by the ratio AQ/MRQ, where R
Libration is of
Perturbation in orbital motion

the order of (Re/fe). In the case of the earth-sun system this ratio

2

is of order of magnitude (QQL%QEE%QQ) s that is, 5.05 X 108; and thus,
2

although the rocking of the equatorial plane associated with the earth's

oblateness 1s very significant, changes in the orbital motion are vir-

tually insensible.

is the orbital radlus. Hence,

With regard to the earth-moon system, because of the moon's closer
proximity, the ratio is of a smaller order of magnitude. Thus,

L
ibrations resulting from mass oblateness are of the order

Orbital perturbations resulting from mass oblateness

2
of (2100880) that 1s, 62,500. Although the librations are much larger
)

in this instance, the orbital perturbations due to moon's oblateness are
detectable and are indeed utilized, as will be seen later, to provide a
quantitative measure of the deviation of the moon from spherical form.

By way of summary then, if the two cases which have been discussed
separately are superimposed and an oblate body orbiting about an oblate
attracting mass is considered, both the oblateness of the satellite and
of the attracting mass contribute to the orbital perturbations to which
the satellite 1s subject. However, insofar as the librations about the
center of mass is concerned, only the oblateness of the satellite con-
tributes here.

Motlon of earth.- The line of intersection of the earth's equatorial
plane and the plane of the ecliptic serves as a basic datum line in celes-
tial mechanics. It pierces the celestial sphere in the equinoctial
points. If these planes maintained the same orientation in space, the
year of the seasons (from solstice to solstice) would be exactly equal
to the year determined by the heliacal rising and setting of the stars
(times when certain constellations rise and set with the sun).

Hipparchus around 125 B.C. on examining records embracing some
several hundred years noted that the solsticial (year of seasons) was
shorter than the heliacal year (sidereal year). From this he deduced
a westward migration of the equinoctial points of 36 seconds of arc per
year. The data he used were somewhat rough and his estimate was some
30 percent low. Such a migration of the equinoxes points to either a
rotation of the equatorial plane or the plane of the ecliptic or both.
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Iater observations showed that celestial latitudes of the stars were
subJect only to very slight variation and the effect was principally
the result of a rotation of the equatorial plane. Newton was the first
to advance a qualitative explanstion. Euler subsequently provided a
rigorous and elegant mathematical demonstration of it.

The reason for this precession motion is most clearly exhibited in
terms of the anslogy with a spinning top. Suppose that a top is spinning
on an essentially friction-free pivot. (See sketch 23.) The gravita-
tional torgue Instead of causing the top to topple induces a steady pre-
cession of the axis of rotation about the vertical. (In addition, there
is a superimposed oscillatory movement of the axis, the so-called nuta-
tion. This 1s in the nature of a transient and can be dilsregarded in
the astronomical problem since such transients have had ample time to
subside.) Reverting to the earth-sun system, the earth acts as the
spinning top. The sun's attractive force on the equatorial bulge gives
rise to a torque tending to swing the bulge into the plane of the eclip-
tic. As a result, the earth's axls of rotation precesses about the
vertical. The situation in this case is somewhat more complex than our
top analogy to the extent that the torque is not constant; thus, when
the sun is coincident with one or other of the equinoctial points, the
torque falls to zero. The net outcome 1s that the movement of the axis
assumes a sinusoidal form as depicted in sketch 2k consisting of a steady
precession Pg and a superimposed sinusoidal fluctuation of a 6-month

period. The moon itself has a similar effect and also produces a steady
precession P; and a superimposed oscillatory motion of a biweekly

~

Path of center
of mass

Friction-free

—_—
pivot point /// Force of
gravity

Sketch 23
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period. By combining these results, the earth's axis 1s subjlect to a
steady motion Py + P; referred to as the lunisolar precession8 with
certain fluctuating components which are referred to as nutations.?

la—— $ months ——»

Rotation of

earth's axis

gbout celestial _ Py, steady precession
pole \/ \/ \

:\\\\ 4
Sun at equinoctial points
Sketch 24

There is an additional effect resulting from the rotation of the
moon's orbital plane over a period of 18.6 years. Note the situation
along the line of intersectlon of the equatorial plane and the ecliptic.
(See sketch 25.) At a certain epoch the moon's orbital plane 1s at AA
and the lunar effect is minimal. Some 9.3 years later the orbital plane
is at BB and the effect is maximized. Thus there is an additional
periodicity in the motion of the earth's axis of 18.6 years. This effect
congtitutes the dominant nutational effect.

B Plane of

A elliptic

Earth's equatorial
plane

Sketch 25

8The lunisolar precession amounts to 50"37 per year, the moon's
contribution exceeding by roughly a factor of 2 that of the sun.

9The use of the word nutation in this context differs from that
in discussion of spinning tops inasmuch that they here refer to forced
motions and not to transients.
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To complicate matters further the plane of the ecliptic 1s subject
to slight motion. This motion arises as a consequence of the other
planets tending to pull the earth's orbital plane into the planes of
their respective orbital motion. The effect 1s very complex and gives
rise to secular changes rather than periodic ones. At the present time
it is producing an eastward migration of the equinoctial points of about
011 per year; this rate is itself subject to slow variation. This
migration is referred to as the planetary precession. The general pre-
cession is the result of superimposing lunisolar precession and planetary
precession and amounts to 50.'26 per year. There is an additional con-
tributing factor; the solar system is itself rotating about the center
of the galaxy and completes & revolution 1in about 170 X 106 years. In
other words, the background of stars viewed relative to & strictly iner-
tial frame is rotating sbout the galactic pole at a rate of OUTL per
100 years. To obtain the motion of the equinoctial points relative to
an inertial system, due conslderation must be given to this component
of motion and the general precession suiltably amended.

Not only is the earth's orbital plane subject to secular rotation
about the vector defining the angular momentum of the entire solar sys-
tem (which serves to define the normal to the invariable plane) but
there are secular changes of its inclination,lo the line of apsides,ll
and the eccentricity. A rough qualitative plot of the latter which
serves to typify the irregular character of secular changes is presented
in sketch 26. It 1s of interest to note that, although the secular
changes are erratic, there are theoretlcal bounds between which the
values of the orbital parameters are constrained to lie. Thus in the
case of the earth's orbit, its eccentricity must fall in the range of O
to 0.0677, and the inclination of the orbital plane relative to the
invariable plane can never exceed 3°6'0". (See ref. 17.)

No mention has been made to the secular variation of the semimajor
axis. laplace believed he had satisfactorily demonstrated that thils
particular parsmeter was not subject to change and hence rigorously
establishes the stability of the solar system. Admittedly, Laplace's
analysis disregards €11 dissipative terms. The solar tides will promote
changes in the earth’s angular momentum about its axis which must be
compensated by a corresponding change in the angular momentum assoclated
with the earth's orbital motion. However, the angular momentum assoclated

-
10The inclimftion of the plane of the ecliptic to the invariable
plane is presently about 1°©35', It will diminish over the next
20,000 years to a minimum value of about 47'. Thereafter i1t will begin
to 1ncrease.
llyine of apsides is currently revolving eastward at a rate which,
if it were to remain constant (which it will not by reason of the secular
character of the change), would carry it around in 108,000 years.

\O~\O
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Eccentricity, e T
0.02
0.0],

-100 =50 0 50 100

Thousands of years
from present epoch

Sketch 26

with the earth's orbital motion 1is so overwhelmingly greater than the
angular momentum associated with the earth's rotation on its axes that
any changes arising in the orbital motion resulting from solar tidal
friction are quite undetectable. There exists a much more cogent reason
for doubting the validity of Laplace's analysis. This reason stems from
the fact that the series development he was using was not convergent as

he thought but divergent of a kind that 1is known as asymptotic. At the
moment the question remains unresolved. Since the effect is theoretically
unpredlctable and observationally undetectable, there is no point in
pursuing the matter further.

The motion of the moon.- The motion of the moon is, to a good
accuracy, summarized in Cassini's three empirical laws (see ref. 18):

1. The moon rotates uniformly about an axis which is fixed with
respect to the moon itself. The perlod of thls rotation is identical
with the sidereal period of the moon in its orbit, namely 27.321661 days.

2. The pole of the lunar rotation z makes a constant angle (1°935')
with the pole of the ecliptic Z which may here be regarded as a fixed
point on the celestial sphere.

3. In consequence of the nearly uniform regression of the lunar node
on the plane of the ecliptic and the nearly constant inclination of the
lunar orbit (599') the pole of the moon's orbit P 1is known to describe
a small circle sbout Z in a period of 18.6 years. The arc of the great
circle zP contains also the pole Z. 1In other words, the planes of the
lunar orbit and the lunar equator intersect on the ecliptic, the latter
plane being intermediate between the two former.

This last-mentioned fact elicited some surprise when it was first
enunciated by Cassini. D'Alembert sought an explanation without avail.
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It engaged the attention of other mathematical glants legendre, Laplace,
and Poisson and through theilr joint efforts an explanation was finally
given. The precession of the lunar axis about the vertical is the direct
outcome of the lack of sphericity of the moon and indeed it can be used
I, -1
Z X

to make a fairly definitive determination of (namely, 0.00062

I

Z

to within an accuracy of 1 percent) in precisely the same way as the
precession of the earth's axis leads to a definitive determination of

I; - Ix
Iz

There exists another angular motion about the center of mass which
holds some interest. By virtue of the difference of the moments of
inertia about the radial and transverse axes in the plane of the lunar
orbit coupled with the circumstance that the moon's orbit about the earth
1s somewhat eccentric and thus gives rise to nonuniform angular velocity,
a pendulum-type oscillation is induced in the plane of the orbit. (See
sketech 27.) Both the earth and the sun contribute to this rocking motion
and thus give rise to two terms, one having a monthly periodicity and
the other having an annual periodicity. The former falls below the
threshold of observational detection and, although the annual term (moon's
annual libration in longitude) can be detected, it amounts to only 1 mile
displacement of the center of the lunar disk (corresponding to about 1"
of arc at the earth's distance). As a result of its smallness and the
difficulty of 1ts accurate determination by virtue of the boundary irreg-
ularity of the lunar disk, it ylelds a relatively poor determination of

Ty - Iy

I , the uncertainty being a sizable fraction of the whole amount.
Z

Earth's center

N1/

Applied torques
in plane of
moon's orbit

Sketch 27

The principal perturbations in the orbital motion itself, resulting
jirectly from the moon's oblateness, are three in number:

O J\O A
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(1) Motion of lunar node.
(2) Motion of lunar perigee.
(3) Monthly variation in the moon latitude.

The third effect 1s inextricably entangled with the obliquity of
sthe ecliptic. This effect can be seen by supposing the moon to be moving
in the earth's equatorlal plane; 1ts latitude would be subject to a
monthly variation by virtue of the obliquity of the ecliptic. Unfortu-
nately, the obliquity of the ecliptic (nor the time variations to which
it is subject) is not known with sufficient precision to permit an accu-
rate determination of the monthly variation in the moon's latitude. On
these grounds Jeffreys (ref. 3) suggests that it should not be employed
in arriving at estimates of the moon's dynamical ellipticities.

Consider next the contribution of the oblateness of the earth and
moon to the motion of the lunar node and perigee. The most dominant
contribution to the rotation of node and perigee is to be attributed to
the sun (69,672"04 per year and 1L46,426V92 per year, respectively).

An estimate of the magnitude of the contribution resulting from the
moon's oblateness will now be made. Elsewhere, it is shown that libra-
tional motion of the lunar sxls about the ve¥tical should be some
62,500 times the orbital perturbation. The librational motion of the
polar axis 1s such as to result in a complete circuit in 18.6 years
(that 1s, 69,672"04 per year). On this basis an orbital perturbation
of the order of seconds of arc per year may be expected and this is
indeed what 1s observed. These numbers serve to illustrate the diffi-
culty of the determination of the lunar dynamical ellipticities involving
the sorting out a contribution which amounts to only one part in several
tens of thousandths of the total and it testifies to the extreme precision
of astronomical measurements that analysis of these perturbations provides
useful supplementary information on the dynamical ellipticities of the
moon.

The best available values of the dynamical ellipticities to date
are

Iz - Iy
— = 0.0006269 + 0.0000027
7

IY" IX
5. - 0.000118 + 0.000057
Z
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If uniformity of density is assumed, these values Imply that the lunar
axis pointing toward the earth is about 1/4 mile longer than the trans-
verse equatorial axis and this in turn exceeds the polar axis by about
1 mile (=~1.6093 km).

Comparison of Theoretical and Observational Values
of the Ellipticities of Moon

Comparing the observational values given above with those glven
in section "Figure of the Moon" which have been derived theoretically
discloses a considerable discrepancy. The assumption underlying the
theoretical treatment which 1s most suspect is that relating to hydro-
static equilibrium. If the difference is attributed to this condition,
the internal stresses assoclated with such marked departures from hydro-
static condition will demand materlisl of at least the strength of brick
to support them. This in turn leads us to question the validity of
assuming hydrostatic equilibrium in the case of the earth. On this point
there is independent evidence from the analysis of Vanguard I orbital
data and other artificial satellites that the earth does indeed exhibit
marked departures from hydrostatic equilibrium.

Solar Parallax
The need to determine the earth's distance from the sun in terms of

laboratory unlts has already been stressed. One way in which this can
be done in principle would be to make simultaneous observations of the

center of the sun's disk from two distant points P and Q on the earth's

surface. (See sketch 28.) A simple trigonometric calculation would then
give the distance to the sun in terms of earth radii and since the earth's
radius is known in laboratory units to a high precision this is tantamount
to a measure of the distance in laboratory units. In other words this

Sketch 28
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calculation would provide a direct measure of the sun's mean equatorial
horizontal parallaxl? (solar parallax for short) defined in sketch 29.

Observer at O vlews sun on horizon
G e

Solar parallax, =

Equatorial disk of earth

Sketch 29

The solar parallax (%,) is so small (about 8 seconds of arc) that this
trigonometric procedure would not lead to a very accurate determination.
The accuracy can, of course, be materially improved by triangulations
on a body which is closer to the earth and the distance of which is known
accurately in astronomical units. Such a favorsble opportunityl> was
provided by the asteroid Eros in 1931 when it came within 13,000,000 miles
of the earth. Use of Eros had the additlonal merit that Eros is so small
that to all intents and purposes it was a point source of light; thus,
the uncertainty in determining the center of an illuminated disk of finite
dimensions was eliminated. Based on observations made on Eros during
this close encounter, Spencer-Jones obtalned a value of the solar paral-
lax of 8V790 + 0Y001.

Rabe in 1950 made a dynamical determlnation of the solar parallax.
As a preliminary to describing the method used by Rabe, it will be neces-
sary to derive a certain theoretical relsationship.

If Kepler's third law is applied to the motion of the earth-moon
system about the sun,

42RO = G(mg + me + ml)Pég (53)

Pmmis parallax was mean in the sense that the earth is at its mean
distance from the sun, equatorial in the sense that the observation is
made from a point on the equator, and horizontal in the sense that the
sun 1s viewed when located on the horizon.

13Even more favorable opportunities will present themselves in the
next 10 years. Thus: 1566 Icarus within L,000,000 miles in 1968;

1620 Geographos within 4,000,000 miles in 1969.
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where

R mean orbltal distance

P sidereal year

G universal gravitational constant
mg mass of sun

Me mass of earth

my mass of moon

If Kepler's third law is applied to orbital motion of moon about the
earth,

4212 = G(me + my)Py° (54)
where
1 mean lunar distance
Py sidereal month

Equations (53) and (54) may be rewritten in the form

. 2 RO
G(mg + me + my = b= =2
( ) P2
12
G(me + my) = ™ —
P 2
1
Hence,
3 5 pf
Gms=hn25—§l-z—3—§§ (55)
Pe R Py
However,
Gm
e
g, = ———(l + € - = K)
q L2
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g.Tr
Cme = —— (56)
1l + € -

PO\~
=

Dividing equation (55) by equation (56) yields

2
s i <l+€—-5—vc>l--72p—e—
me 2_ 2 3 p2
8q'q Pe R’ P,
Assume that the solar parallax in seconds is &
T T
2 - % sin 1" or R = —
R @ sin 1"
Therefore,
2 _ 3 2
m 5 Mrq 1t EY DF
Me + my (sin l")BPeg 1+4p RB P12
= 2,264k x 108 (57)

to a high accuracy where p 1is the ratioc of the moon's mass to earth's
mass.

In the light of this relationship it is seen that a determination

m
of the ratio —> —  leads directly to a determination of comparable

e T

accuracy of the solar parallax and, of course, vice versa. This rela-
tionship provides the basis of a dynamical determination of the solar
parallax. Rabe analyzed the perturbations in the orbit of Eros over the
interval 1926 to 1945 which embraces its close encounter with the earth-
moon system. From his analysis he was able to deduce a value of the mass

oy
me +ml
of 8"798 + 0"0004. It is to be noted .that the difference between the
values obtained by Spencer-Jones trigonometrically and that obtained
dynamically by Rabe exceeds the probable error assoclated with either

ratio and this in turn led to a value of the solar parallax
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determination. The disparity remains unexplained.lu To compound the
confusion Newcomb, toward the close of the last century, calculated the

value of from the perturbation of the orbit of Venus, specifi-

8
e + My
cally the rotation of 1ts orbital node, resulting from the attraction
of the earth-moon system. This procedure led to a value of solar par-
allax of 8759 * 07010 which is in disagreement with all other determi-
natlions. Discovery of the source of this anomaly in the motion of Venus
remains an outstanding challenge to those working in the field of dynam-
ical astronomy.

There are, of course, a number of other techniques for determining
the solar parallax. One 1s based on an examination of the parallactic
inequality of the lunar motion. This condition arises as & consequence
of the sun being at a finite distance (hence, the name parallactic
inequality). Thus the solar perturbation of the lunar motion is more
pronounced when the moon is in conjunction than when it is in opposition.
Such an effect clearly depends upon the relative distances of the moon
from the earth and the earth from the sun and can be used for determining
the latter.

Of these various determinations the one which 1s currently favored
is that of Rabe. There is every reason to expect, however, that within
the next few years more precise determinations of the solar parallax will
be made. One technique which offers promise 1s the use of an artificial
probe fitted with a transponder. Once the probe's orbit has been defini-
tively established 1in terms of astronomlcal units, a radar pulse 1s beamed
to it, on receipt of which it immediately responds by emitting a signal
back to earth, The total elapsed time multiplied by the velocity of light
divided by 2 will provide an accurate measure of the distance in lsbora-
tory units,

One source of uncertainty which may be raised by the reader is that
space is not a perfect vacuum but is filled with charged particles which
may serve to modify the velocity of an electromagnetic wave. Although
the point is valid in principle, it is not a problem of practical concern.
Thus Herrick (ref. 19) has estimated the error resulting from this cause
to be less than the uncertainty of the velocity of light in a vacuum.

14The trigonometric value is, of course, influenced by the value
assigned to the earth's oblateness. Within recent months, on the basis
of analyses of orbital perturbations of artificial satellites, there has
been a major revision in the oblateness factor. Instead of helping to
reconcile the two measurements, it results in an even greater disparity.
(See ref. 20.)

O —~\O H
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Since this paper was written, more accurate determinations of the solar
parallax has been made by making radar measurements of the distance of
Venus. These more recent and more accurate determinations are in good
agreement with Rabe's value. '

A ground-based measurement of potentially considerable accuracy has
been proposed by Brouwer and Lilley. (See ref. 21.) It consists simply
of comparing Doppler shifts of the 2l-centimeter hydrogen line emitted by
a specific interstellar cloud at 6-month intervals. This would lead to
a very accurate determination of the earth's orbital velocity. (See
also ref. 19.) ‘

Lunar Parallax
The moon's mean equatorial horizontal parallax (lunar parallax) can

be obtained trigonometrically or dynamically. The best trigonometric
determination is given in reference 2 as '

sin x; = o.016592278(1 + g '+ p') (58)

where f' represents the uncertainty in the earth's oblateness (specifi-
cally the deviation of the true value from the adopted valuel? of 1/297)
and p' 1s the inherent inaccuracy associlated with the observational
technique which is estimated to be *18 X 10-6.

The dynamic determination is based on the use of the formulas
2,3 _ 2
17 = G(m, + my)Pe

and

sfre-2)
gq-;—51+€--2-l€
q

Dividing one by the other yields the relation

r D hnzrq l1+e€- % K

3. =
sin “1 =

q
1P ggRS L+

15The currently favored value of the earth's oblateness obtained
from analysis of motions of artificial satellites is 1/298.3 with an
uncertainty which is extremely small.
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and leads to the expression glven in reference 2

sin n; = 0.016592715(1 + % al - L 4 % £ % u.) (59)

deviation of equatorial radius from adopted value of
6,378,270 meters |represented by a factor +10 X 10'6)

deviation of equatorial gravity from adopted value of
978,03%6.8 milligals (represented by a factor *3 X 10-5)

deviation of earth's oblateness from adopted value of 1/297
(represented by a factor th X 10'6)

deviation of lunar-earth mass ratio (suitably modified to
embrace perturbational effects) from adopted value of

1/81.375 (represented by a factor *&4 X 10‘6)

By adopting these uncertainties as given in reference 2, it 1s seen

that dynamical determination is a more definitive one than 1is the trig-
onometric determination.

Ratlio of Ianar Mass to Earth's Mass

The precession and nutation16 of the earth's axis are both dependent
on the earth's oblateness and the lunar mass; thus, the equations for the

determination of these two unknowns are provided.

in the following way.

A more accurate estimate of the lunar mass, however, can be obtained
The earth and moon rotate about their joint center
of mass which 1s displaced some 5,000 kilometers from the earth's center.

By virtue of this rotational motion the sun when observed from the earth
appears to undergo a slight osclllatory motion with a monthly period.
This motion is referred to as the "lunar inequality in the sun's longi-

tude."

The amplitude is small (about 6'L5), and does not permit a very

Precise measurement. By sighting on an object closer to the earth, the
to-and-fro motion 1s amplified and a more sccurate determination can be

made.

Use of the observational data obtained on Eros during its close

encounter of 1931 ylelded a more accurate evaluation of the lunar ine-
quality in sun's longitude.

15Reference 1s made here to the principal nutational component of

period 18.6 years."

OO I
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Sketch 30
Note 1n sketch 30 that
(me + my)u = mzl

o3
g o= —1
me+m2

Lunar inequality L 1in the sun's longitude 1s thus

me + my rq/l
b
l+p Ty

Depending on whether the value for the solar parallax of Spencer-
Jones or of Rabe is used, values of p of 8.127 £ 0.025 or
81.375 * 0.026 are obtained. Since Rabe's value is believed to be the
more accurate, it is the latter value which is currently favored.

RELATIVISTIC CONSIDERATIONS

There are two reasons for introducing relativity into a discussion
of gravitational fields:
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(a) It provides a more logically consistent pilcture of the nature
of gravitation.

(v) Artificial satellites can be used to provide checks on both the
special and general theories of relativity.

In the pedestrian approach adopted in the present text our interest
lies primarily in the second reason. However, it was thought to be
desirable to give brief résumés of both the special and general theoriles
of relativity. 1In this regard considerable liberties have been taken
with the theory, if by so dolng, the concepts Involved were rendered more
readlly assimilable. One such libertg 1s in our Iinterpretation of invar-
iance of interval X2 + y2 + z2 - c2t2 1n different coordinate systems.
The assumption 1s made that this invariance implies that the coordinate
systems are orthogonally related (as indeed they would be if the terms
were all positive). Actually, they are related by a hyperbolic Minkowski
transformation.

Special Theory of Relativity (Enunciated by Einstein in 1905)

Consider two observers O and O0'. (See sketch 31.) 0' 1is moving
past O with uniform speed V. At the instant of passing O 1initilates
a light pulse. After the elapse of time t the light pulse will have
advanced a distance c¢t relative to 0. What 1s 0's estimate of the
distance? Classical theory would indicate it to be (c - v)t, experiment
shows it to be ct.

Stationary
observer

Sketch 31
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To put the matter a little more formally, after the elapse of time t
the light pulse is spread over a closed surface. The equation of the

surface relative to 0 1is x2 + y2 + z2 = c2t2 and relative to 0O' 1is

12 z'2 2.2

x'" + y'2 + = ¢“t'"; that is,

X2 + ¥° 427 - P2 = x'2 4 12 4 g12 L By (60)
It is known, however, that if in two dimensions

X2 +y2 =x'2 + y'2 (61)

then xy and x'y' define two orthogonal reference frames rotated
through some angle with respect to one snother. If the liberty of dis-
regarding the sign differences in equations (60) and (61) is permitted,
then equation (60) tells us that the reference frames of O and O
differ only to the extent that they are rotated relative to one another.
To simplify the discussion as far as possible, only one space dimension
and one time dimension will be considered. The reference frames of the
two observers assume the form shown in sketch 32.

t oxt reference frame of ¢
t ¥
Ox't' reference frame of O
t2 /x '
t1 E>
E
0 1 X
t
1 E2
Temporal
sep (0)
4. ™1
Sl
Qewﬁo ko‘\ .
g€® * 0 (o‘ 3y
€
v”r;;a‘&dl ©
o e — X

Spatial sep (0)

Sketch 32

To observer O' events E; and Ep both occur at t = 0O, that is,

"Now." Observer O, on the other hand, informs us that these events
happened, respectively, at times tl and t2. Simultaneity is thus a
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fictitious concept contrary to our intultive notions. This is the con-
verse concept to that introduced by Newton; to wit, 1t is impossible

to detect a state of uniform motion, that is, the same place at two
different times. The latter tells us, "It is impossible to determine
the same time at two different places." It is curious that one idea is
intuitively acceptable and the other is not.

In sketch 32, note that the spatlal and temporal separations of the
events are assigned different measures by each of our two observers. It
can be expressed equivalently by stating that measuring scales appear to
contract and clocks slow down when they are set into motion. This brings
us to the so-called twin paradox. It may be descrilbed briefly as follows.
Consider two twins, one climbs 1nto his rocket ship, blasts off, and goes
hurtling off to some distant part of the universe. There he applies his
retrothrust, reverses his direction, and comes hurtling back. The ques-
tion arises as to whether his twin brother who stayed behind has aged
relative to himself. There are some who regard such a belief as almost
hereticel. They adopt the same standpoint as did the inquisitors with
regard to the teachings of Copernicus. They contend that the knowledge
of blology is not sufficient to discuss the relative aging of living
organlsms. This difficulty can be circumvented by using ldentical clocks
instead of 1dentical twins. But it might be argued that when the clocks
are in uniform motion each will appear to the other to be running slow.
This is true so long as our observers are in relative motion. However,
the two observers are not wholly equivalent. It is the traveller who
experlences acceleration at blast off, at the terminal point, and at the
completion of his journey and not hils brother. Glancing at sketch 33
oxt 1s the reference frame of our stay at home observer OTR is the
space voyager's path. Bear in mind that in uniform motion our "Now" lines

" t R
NOW" 1
lle
e tre ter Space traveler's
tbrust tQ world track
T><
tp
30T
" ‘LM
"Ho¥ cprus®
ret¥O
0
X

Explanation of twin paradox

Sketch 33
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are slewed around. Thus, Just prior to reaching T our space traveler's
"Now" line runs from T to P, and it will be his belief that the earth
clock is reading tp. The instant after firing his retrorocket his
velocity has changed and his "Now" line runs from T to Q and the
earth clock seemingly is reading tg. Thus in the Instant of applica-
tion of retrorocket the earth clock has advanced from tp to tg. This
latter adjustment more than compensates for the slow running of the earth
clock durlng the outward and return Journeys and accounts for the rela-
tive aging of his twin brother during his absence.

Outline of General Theory of Relativity

The speclal theory achleved a spectacular unification in both the
fields of dynamics and electrodynamics. It did, however, muddy the waters
in certain respects, particularly with reference to the law of gravita-

GMiMo
re

tion whlch describes the transitlon from one inertial frame to another.
Thus gravitational phenomena will differ as one passes from one inertial
frame to another and these differences could be utilized to distinguish
one state of uniform motion from another. (Not only Einstein but Newton
himself would have objected to this.) Moreover, what meaning can be
assigned to r, that is, by whose measuring scale is it to be measured?
Einstein circumvented this Impasse in a very lngenious way. The following
analogy was given by Eddington (ref. 22). Suppose that the belief in a
flat earth had persisted down to the present day. A Mercator's chart
would then have been regarded as giving an accurate description of the
disposition of objects on the earth's surface. If the map were centered
on the United States of America, then no serious disparities would have
arisen with reference to local journeys, that is, journeys within the
confines of the United States. On the other hand, travellers to distant
parts of the earth would have noticed that they were able to cover appar-
ently great distances with little expenditure of effort. The scientists
would doubtless have explained the phenomenon as the result of the action
of a mysterious force operative in distant parts of the earth. The sit-
uation with regard to gravity is very similar and Just as our fictional
force owes 1ts exlistence to our attempting to force a spherical surface
into a flat surface, so gravity owes 1its existence to our forcing what
is in reality a curved space time into a flat space time. The presence
of matter puts an indentation or rather a furrow in space time extending
along its world track. (See sketch 34.) If a particle were proJjected
along the furrow with a veloclty which is not too large, it will clearly
osclillate from one side to another 1n the manner depicted. Since the
observers are moving in the tlme dimenslon, the particle will appear to
describe closed ellipses corresponding to the empirical law introduced
by Newton. The mind of the "practical"” man is apt to rebel at the concept

tilon F = . This law is not invariant under the Lorentz transforma-
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b World track of a mass particle

T Furrow in space time continuum due to
presence of a gravitatling mass

Sketch 34

of curved space time. However, 1t 1s to be remembered that Gauss, one

of the greatest and yet one of the most practical minded of mathematicians
of all time, was not convinced of the flatness of space. Indeed, he pro-
posed an experiment whereby the issue might be decided. He proposed to
light three bonfires on the tops of three distant mountains, triangulate,
end determine whether the sum of the three angles equalled 180°. The
experiment was never carried out nor would it have ylelded any measurable
deviation if it had been. You might say it is one thing to admit the
possibility of curved space time and quite another to demonstrate its
actuality. What proof have we that space time is indeed curved? There
have been three deductions of general theory which have been subject to

experimental confirmation:
(a) Precession of the perihelion of Mercury.
(b) Deflection of light rays passing close to the sun.
(c¢) Red shift in solar spectral lines.
With regard to (a) the orbit of Mercury was subject to an unaccountable

rotation amounting to 43 seconds of arc per 100 years (the rotation
occurring in the direction of the satellite's motion). General relativity

\O ~\Q i
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explalned this discrepancy almost exactly, and thus provided a very
excellent quantitative check on the theory. The check provided by (v)

1s somewhat less definitive. The consensus appears to be that a statis-
tical aversge of measurements agrees with Einstein's prediction to within
15 percent. The check (c) is of even more dubious nature and is more
quselitative rather than quantitative. Admitting the possibility that

the agreement in relation to the single check (a) could be fortuitous,

1t is clearly highly desirable that further checks be provided.

Checks on Theory of Relativity

How are further checks to be made? The curvature of space can be
detected in the same way as that for a surface. Thus, draw a circle and
measure both its circumference and its radius and form the ratio; if the
space be curved, the ratio will deviate somewhat from 2x. Einstein's
formulas being accepted at thelr face value, if the circumference of the
sun and its radius are measured, then the ratio would deviate from 2x
in about the sixth place of decimals. If the same experiment were per-
formed with reference to the earth, the disparity would appear in about
the tenth decimal place. To put 1t another way, if the earth is assumed
to be truly spherical in form and its cilrcumference were measured and
its radius deduced by dividing by 2x, the result would differ from the
true radius (as determined by direct measurement) by about 5 millimeters.
Thus, insofar as spatial distortion 1s concerned, the effect 1is very
slight.

Not only can the distortion of space tlime be detected by using
measuring scales but also by using clocks. Thus, if (see sketch 35)
8 gravitating mass exists at 0 and if a clock 1s placed at infinity,
the clock at A relative to the clock at infinity appears to be running

t
slow. The relation expressing the relative rates is EA = 1 + Uy.

(2]

tA &
00
@, &
Clock at A Clock at o
Gravitating
mass

Sketch 35
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The latter term is the potential energy assoclated with point A relative
to infinity (hence it is negative) nondimensionalized by dividing through

by c2. To be a little more specific, consider the earth as the gravi-
tating mass and a satellite orbiting about it. (See sketch 36.)

Clock at =

Sketch 36

Relative to the observer at Infinity the clock in the satellite is
running slow -

(a) By virtue of its being in a gravitating field

(b) By virtue of its motion

dtg
— =14+Ug-T 62
= s - Ts (62)

A clock on the earth's surface also appears to be running slow relative
to the observer at infinity. 1In this instance the effects of motion
resulting from the earth's rotation are quite negligible. Hence

dt
dT:- = l + Ue (65)

Bearing in mind that U and T are extremely small and dividing equa-
tion (63) by equation (62) an expression relating the reading of the
satellite's clock to that of the clock located on earth's surface is

obtained.

dtg

-l Ue*tUs-Ts (64)

(S
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Relative rates of time keeping are a function of orbit parameters and
location of the satellite within 1ts orbit.

dte
Et—e? = F(a,e, ) (65)

If equation (64) 1s integrated over a complete revolution, the result
1s found to be solely a function of semimajor axis sa.

Periodic time as estimated by satellite's clock _ 14 Gme ] G (66)
Periodic time as estimated by earthbound clock c2F 2 o2

The results are plotted in sketch 37.

Time Dilation of Satellite's Clock As a Function of
Semime jor Axis of Geocentric Orbit

6—X% 10~ 10
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ts' - Periodle time ms reckoned
by satellite's clock

-2 4
te - Perlodic time as reckoned
by earth clock
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Semimajor axis, km

Sketch 37

Note that for very tight orbits (orbits hugging close to the earth's

surface) the satellite's clock appears to an earth observer to be running

slow. For large orbits the satellite clock appears to be running fast.
The crossover point corresponds to a semimajor axis of 9,540 kilometers
(that is, in the case of a circular orbit this point corresponds to a
height ebove the earth's surface of 3,170 kilometers or approximately
2,000 miles). Note also the magnitude of the disparity being of the
order of one part in 1010,
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Whenever atomic clocks are developed to the extent that it 1s pos-
sible to keep constant tally on theilr timekeeping as they pursue their
paths in the orbit (rather than rely on cumulative effects over a large
number of complete orbits) then a sinusoidal varlation will be detected,
the amplitude of the variation being a function of eccentricity. 1In
sketch 38 the variation in timekeeping from point to point of the satel-
lite's orbit has been plotted. The orbit 1n question has a semimsajor
axls of 20,000 kilometers and an eccentricity of 0.6. In this instance
in the neighborhood of perigee 1t 1s running slow and at apogee it is
running fast. On the average (defined by the horizontal line), it is
running fast. Note that the average rate does not correspond to the
‘arithmetic mean but lles appreclably closer to the time rate at apogee.
This is the result of the satellite moving slower at apogee and hence
spending most of its time in this neighborhood.

Relative rates of timekeeping as & function of position in orbit

Semimajor axis a = 20,000 km
Eccentricity e = 0.6

Mean rate of timekeeping of satellite's
\‘ clock relative to earth clock

6 x 107\ Py
. N RN
g 2 / \

o N\

o L 8 120 160 <200 240 280 320 360
Angular displacement from perigee

Sketch 38

In addition to purely kinematical tests of the kind just described,
other checks can be provided. One such 1is associated with the advance

of the perigee point (similar to the effect detected in orbit of Mercury).
In the neighborhood of spherically symmetric gravitating bodies the orbit

does not quite close on itself. (Sge sketch 39.) The perigee advances
by a small amount &w during each revolution in the direction of the
satellite's motion as given by the formulas

O~ -
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Relativistic precession of perlgee point of earth satellites
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Progression of perigee, seconds of arc per year

5 10 15 20 2 30 35 k0x10°
Semimajor axis, km

o

Sketch 39
v Ene e
where
G universal gravitational constant
M, mass of earth
c velocity of light
a semima jor axis of orbit
e eccentricity of orbit

The advance in the perigee point expressed in seconds of arc per year
is plotted against semimajor axis for various values of orblt eccen-
tricities. By virtue of the smallness of the orbit the effect can be
made as large as 15 to 20 seconds of arc per year (compared with

43 seconds advance per 100 years as displayed by Mercury). The diffi-
culties associated with carrying out such an experiment should not be
underrated. Thus, as a result of the oblateness of the earth and
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deviations from homogeneity in its internal structure, the orbit is
appreciably perturbed:

(a) There is a rotation of the plane containing the orbit, and

(b) There is an advance of the perigee point within the plane of
its rotation.

(Both of these effects may amount to several degrees per day.) It is
the latter effect which is inextricably entangled with the relativistic
effect and, since it can amount to several hundred degrees per year, then
to detect the 20 seconds of arc, the potential associated with earth will
need to be known to extreme precision. (It may well be that continual
changes in its intermal structure may suffice to mask the effect com-
pletely.) A further check proposed by Ginzburg (ref. 23) is associated
with the relativistic perturbation to the satellite's orbit resulting
from the earth's rotation. To gain some insight into the nature of this
effect, let us consider an electromagnetic analogy. Prior to Maxwell's
derivation of electromagnetic field equations, electrical phenomena were
e.e
and electrical

assumed to obey the universal Coulombic law F = c
r
disturbances were assumed to be propagated with infinilte speed; the
similarity with gravitation is striking. Thus, prior to Einstein's
derivation of gravitational field equations, gravitatlional phenomena
L
r2

tational disturbances were assumed to be propagated with infinite speed.
It is generally agreed that gravitational effects in common with electro-
magnetic effects are propagated with the speed of light.

were assumed to obey the universal Newtonian law F =c¢ and gravi-

Consider now a charged particle moving in the proximity of a charged
sphere, If the charged sphere 1s set into rotation, it will set up a
magnetic field which will interact with that of the charged particle and
its motion will as a consequence be modified. If relativity is to be
believed, a similar effect will manifest itself in the case of a particle
moving in the neighborhood of a gravitating body; thus, even though the
body be uniform and spherical, its rotation will modify to a slight
extent the motion of the particle in question. In this instance, the
regression of the perigee point is given by the formula

8 07°0me
=2 (68)
> 02a5/2(l - e2)5/2
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where
o rotational speed of earth
T earth's mean radlus

A plot of A» as a functlion of a and e 1s given 1n sketch 40. Note
that the most favorable choilce of orbit parameters ylelds only an effect
of order of 0.1 second of arc per year. (It 1s interesting to note that
in the case of Mercury the effect only amounts to 0.0l second of arc per
100 years.)

Relativistic recession of perigee point due to earth's rotation
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Sketch 40

Sketches 41 and 42 differ from sketches 39 and L0 only to the extent
that the ordinate defines the product of eccentricity and perigee move-
ment. It 1s this parameter which provides a reasonably accurate measure
of the ease of detection of the relativistic effects in question. Thus
it is to be noted that the orbit which most sensitively exhibits these
relstivistic effects and which therefore recommends itself for their
detection and measurement has a semimajor axis of 10,000 kilometers and
an eccentricity 0.35.
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(Boomntricity]{Perigee rotation in es#conds of arc per ymar)

Parameter providing a measure of the 3ifficuliy of detecting relstivistic
advance of perigee of earth satellite a5 a function of orbital
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In addition to these there are other experiments which could be
made. Thus, if a rapidly rotating flywheel 1s placed aboard a space
ship and a particle is placed in 1ts proximity both are in a condition
of free fall. However, they will slowly come together under thelr mutual
gravitational attraction. Relativity tells us, however, that instead of
proceeding more or less directly toward the center of mass of the flywheel
the particle will tend to be dragged around by the flywheel. (see
sketch 43.)

Newtonian path of particle
\ released from P

Relativistic path of —
particle released from P

Sketch 43

Current Status of the Theory of Relatlvity

There is a popular belief that insofar as its dynamical aspects
are concerned the theory is complete and all that is needed is experl-
mental verification of the basic laws. Nothing could be further from
the truth. Two dynamical problems are currently giving rise to con-
slderable theoretical research.

(1) The two-body and many-body problem.

(2) Gravitational waves.
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Two-body problem.- The status of the two-body problem in relativity
theory 1s similar to that of the three-body problem in classical mechan-
ics. Seemingly, the source of the trouble is the following. In his
classic paper of 1915, Einstein gave his law of gravitation Gpv =0

Cmym,

r

(replacing Newton's law F = ) and his law of motion of mass par-

d2x
dg2
This equation has to be satisfled at the location of the particle. In
the mathematical equation the particle is regarded as a mass point (that
is, an infinite singularity) and the terms appearing in the equation are
not even defined. This situation 1s one which arises in classical field
theory. By virtue, however, of the linearity of the field equations it
is permissible to disregard the self-field of the particle and the deriv-
atives can be taken as those associated with the field which would exist .
if the particle were to be removed. As a result of the nonlinearity of

the gravitational field equations, this expedient is no longer open to

us. In a paper published in 1937, Einstein, Infeld, and Hoffmann devised .
an iteration technique which could be applied to the two-body and many-

body problems. As so often happens in applylng iteration procedures to

the solution of complex sets of nonlinear equations, it is difficult to

know what the end result is. Thus, by way of example, the earliest

solution contained so-called radiation terms. These were subsequently

found to be fictitious, that is, they could be transformed away by

switching to another reference.

ticles

dx dx
& {Pv é}__E.__l = 0 (replacing Newton's law F = ma).
>"fds ds

O N0 It

Gravitational waves.- One thing seems plain if gravitational waves
do exist, they are going to be troublesome to detect. Compare the detec-
tion of electromagnetic waves with those of gravity waves. In the case
of the electromagnetic field a uniform gradient of potential can be dis-
cerned by placing a charged and uncharged particle in the field - one
remains stationary, the other is set into motion. An electromagnetic
field of the form of a ripple must manifest itself as the second time
derivative of the potential. 1In the case of gravity waves there exists
no counterpart to the uncharged particle; thus, in order to detect a
gravity field at all, recourse must be made to a second derivative of
the potential and in order to detect a wave 1n a gravity field it is
necessary, in effect, to measure the third derivative of the potential.

There 1s a conceptual difficulty also associated with gravity waves.
Thus, a wave 1s usually pictured as a ripple superimposed on a steady
motion. The nonlinearity of the field equatlons invalidates such a super-
position procedure in the present instance. Reverting to the two-body
problem, appeal to the electromagnetic analogy would lead us to believe
that, if two bodies are gyrating about one another, they will constantly
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lose energy in the form of gravity waves and, as a result, come together
and coalesce. As mentioned previously, there is no unanimity as to
whether this does happen. It is of interest to note the magnitude of
the effects under discussion. Thus, according to reference 24 for the
two bodies pursuing circular paths about one another, the rate at which
energy 1s lost in the form of gravity waves 1s given by the equation

2
da _  326f M1Te 4.6
€. 2212 ), (69)
dt c? \Bp *+ Mo
where
G universal gravitational constant
my, Mo masses of two bodies
r distance between bodies
w angular speed of rotation

As 8 result of this loss of energy, the distance between the masses
constantly diminishes and is glven by

61+G5m1m2(ml + m2)
5c5r3

(70)

2p
o

If these equations are applied to the earth-sun system, the system
appears to be losing energy at the rate of 1010 ergs per second and the
resulting diminution in distance between the earth and the sun 1s of the
order of 0.3 millimeter in 1,000 million years! 1In equation (69) note
that @ appears to the sixth power. Can the effect be made sufficlently
sizeable to be measureable by spinning at very high rates of rotation?
In this connection note (ref. 25) that the Air Force was contemplating
making an experiment in which they rotate a flywheel (4,000-pound mass)
at 100,000 revolutions per minute and attempt to measure the rate at
which the flywheel loses energy through the emission of gravitational
waves,

dE _ . 2L A0 (71)
05

o
d.
\N
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By inserting the figures quoted the rate of loss of energy 1is found to
be about 4.054 x 10-1% ergs per second.

CONCTUDING REMARKS

Much of the data presented in this paper pertaining to the figure
of the earth, its gravitational fleld, and other astronomical constants
has been acquired by painstaking investigations, both experimental and
theoretical, extending over a long period of time. Nevertheless, by
virtue of the inherent inaccuracies in the data pertaining to the earth
and even greater uncertainties involved in converting from astronomical
to laboratory units such data does mot provide a really adequate basis
for the "precision" computation of satellite orbits and the trajectories
of space probes. Within recent years application of newer techniques
has improved the situation somewhat. Thus, observation of the perturba-
tions to which earth satellites are subject has thrown a great deal of
light on the fine structure of the earth's gravitational field, and
presumably, once satellites can be established around the moon and other
planetary bodies, equally valuable information can be obtained about
them. Also, with the development of radar techniques to the point that
discernible reflection signals can be obtained from Venus, 1t seems that
really accurate evaluation of the astronomical unit in terms of kilo-
meters will be shortly forthcoming. Not only will such data fill the
practical need already alluded to but has intrinslc scientific interest.
For example, knowledge of the fine structure of the terrestrial and lunar

~ gravitational fields will throw light on the internal structure of these

bodies which, in turn, has bearing on their manner of origin. Continued
application of these techniques will clearly yield data of great value.

The relativistic effects lie on the threshold of observation; hence,
thelr omission in trajectory computations can scarcely be said to be a
matter of practical concern. However, the advent of satellites does
provide a potential capability of providing checks on the general theory
of relativity by making experiments under idealized conditions which can-
not be duplicated in earthbound laboratories.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., March 23, 1962.
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APPENDIX

SPHERICAL HARMONICS

It has been our aim throughout to keep the text as descriptive as
possible and to deemphasize the mathematical aspects of the subJect.
However, from place to place some mathematics has intruded; thus, in
considering the gravitational field of the earth, one could not avoid
the introduction of the notation of spherical harmonics. For those
readers who are unfamiliar with harmonic theory, this appendix has been
included to provide an introduction to some of the ideas and concepts
which underlie this mathematical technique. An attempt has been made
to develop the theory by plausible argument rather than by rigorous
reasoning. Those readers preferring the latter approach are referred
to one of the more conventional mathematical texts. The following
symbols are used in this appendix.

1,m,n direction cosines

P, = Pn(o) zonal harmonics (Legendre functions of the first kind of
degree n)

Pn(n) sectorial harmonics

Pn(m) tesseral harmonics

r,9,% polar coordinates of a point

Sn rational integral spherical harmonics of degree n
\' denotes general harmonic function

X,¥,Z Cartesian coordinates of a point

g = cos 0

General Considerations
Some definitions and some elementary theorems are presented.
Any function satisfying Laplace's equation VQV =0 1is said to

be a harmonic function. In general, a solution of Laplace's equation
is wholly lacking in periodicity and one may question therefore the
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appropriateness of attaching the name harmonic to such a solution.lT

A measure of justification is provided by the following considerations:
Just as an arbitrary function can be developed in terms of harmonic
functions so the general solution of Laplace's equation can be - and,

in general, will be - developed in terms of spherical surface harmonics,
ellipsoidal surface harmonics, and so forth. Such functions merit the
term harmonics since they do indeed undulate over their respective sur-
faces of definition, that is, sphere, ellipsoid, and so forth.

A harmonic function which is homogeneous18 in xyz of integrall9
degree n 1is termed & spherical solid harmonic of degree n. By virtue
of its homogeneity

il

V(xyz) = V(r sin 6 cos @, r sin 6 sin @, r cos 6)

r?V(sin 6 cos @, sin 6 sin @, cos 8)

s, (e@)

Sn(8¢) 1s termed a spherical surface harmonic of degree n.

Substituting into Laplace's equation

2
9 re v P S sin 6 v + —= oV _ 0 (A1)
or or sin 6 08 09 sin2e d¢2

it is found that &, must satisfy the equation

s s d°s
34 cot B S n, 1 =+ n(n + 1)s,
d6° 8 sin®g o3¢

1
O

(A2)

17Responsibility for any inadequacies of notation or terminology
must be borne by Thomson and Tait, for it was in their "Treatise on
Natural Philosophy” that the current notation and terminology was first

introduced.

18A function f(xyz) is homogeneous of degree n 1in xyz if

f(px, py,pz) = pf(xyz)

19Alt56ﬁéh 'n, in theory, can assume any value whatever, if n be
nonintegral, the solution exhibits singular behavior along the polar
axis. Such solutions must be precluded from potential theory since it
is a requirement that external to the gravitating masses the potential
must be everywhere well behaved.
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and, if such be the case, it is readily verified that r-n-lsn(e¢) also
satisfies Laplace's equation. The following theorems can be established:

Theorem 1: If V(xyz) Dbe a spherical solid harmonic of degree n, then
V(xyz)

———— 1is a spherical solid harmonic of degree -(n + 1).
ren+l

Theorem 2: If V(xyz) be a spherical solid harmonic of degree n, then
Pty . . .
————_ 1is a spherical solid harmonic of degree n - p-q - r.
dxPoydaz’
Theorem 3: The value of any finite single-valued function of position
on a sphere of unit radius can be expressed at every point at which the
function. is continuous as a series of rational integral harmonics, pro-
vided the function has only a finite number of lines and points of dis-
continuity and of maxima and minima on the surface.

Theorem 2 is almost self-evident if Laplace's equation is viewed
in its Cartesian form.

Now 1/r defines the potential associated with unit mass at the
origin. As such it must satisfy Laplace's equation and indeed 1s a

spherical solid harmonic of degree -1. By theorem 2 i§<l), ji(i),
: ox\r oy\r
and gi(i) are spherical solid harmonics of degree -2. Whence, by
Z\r

virtue of the linearity of Laplace's equation,

15 o sl 2 26) - 56)

(where OfOh implies differentiation in a direction having direction
cosines 1!, m, and n) is also a spherical solid harmonic of degree -2.
This result is capable of immediate generalization; thus,

n )

9 (l) is a spherical solid harmonic of degree -n - 1.
ohydhy . . . Oh \r

Homogeneous solutions of Laplace's equation can themselves assume

. -1y, r 4+ 2z, -1 r+ 2z
a multivariety of form. Thus tan %, loge 2’ tan % loge T

are homogeneous solutions of degree zero. An especially important sub-
class of homogeneous solutions are the so-called rational integral har-
monics. These are homogeneous solutions of Laplace's equation which



96

are also rational integral (or polynomial functions). The general homo- !
geneous rational integral function of degree n takes the form

n n-1 n-2.,2 n
8o, 0X * 8 XY 8y XY 4 - . kA oy
n-1 n-2 -1
tag XNz e Xz e Ly an_l’lyn z
- -2 2
+ ao, 2Xn 2Z2 + o« .+ an_e, gyn Z
. L
1
. 9
n T
+ aonz 9
The total number of terms is 1 + 2+ 3+ . . . 4+ (n + 1) = %(n + 1)(n + 2).

If this function is substituted into Laplace's equation, the fol- -
lowing equation 1s obtained:

n-2 n-3 -2
bo, 0¥ +by Xy bn_e,oyn

+ bO’lxn'5z + .. .+ bn_i,lyn'Bz

Since the terms appearing on the left-hand side are linearly inde-
pendent if the equation is to be satisfied, the individual coefficilents

(of which there are % n(n - l)) must be zero. This condition places

% n(n - 1) requirements on our original %(n + 1)(n + 2) coefficients

from which it follows that there are 2n + 1 1linearly independent
rational integral harmonics of degree n.

These rational integral harmonics owe their importance to theorem 3.

Thus, consider the general Dirichlet problem of spherical harmonics.
After having specified a function f(e¢) over the surface of unit sphere
to obtain a solution to Laplace's equation which converges to the func-
tion f(e@) as the unit sphere is approached. B
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By theorem 3, f(xyz) = agSp(6@) + a;S;(6@) + a Sy(6@) + . .
where 8y, 8y, ©Op, and so forth are rational integral harmonics of

degrees 0, 1, 2, and so forth, then the solution desired can be written
down immediately

apSo(68)  a15,(68)  apSo(6g)
r+11a2+r3+.

By theorem 2, to each rational integral harmonic of degree n
there is a rational integral harmonic of degree -(n + 1). It follows,
therefore, that there are 2n + 1 rational integral harmonics of
degree -(n + 1). Specifically setting n = O there is only one inde-
pendent rational integral harmonic of degree -1, that is, l/r. By
successive differentiation of 1/r in all possible directions the
entire system of rational integral harmonic functions can be developed.

Field of a Single Mass Point

The potential assoclated with a unit mass at M (see sketch 4k)
will now be considered.

M(f,g,h)

Sketch Lk
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The potential at P, due to unit mass at M, is given by

Vp = = = , L 7 (a3)
EX' £)2+ (y- g)2+ (z - h)gj}

Expansion in a Taylor series in the coordinates f, g, and h yields

R RN - A TRt
- (f S + g S + h Bz><r) + .
n

f £i§2<f gz + g g% + h g%) (%) + .o . (AL)

which is valid everywhere external to the sphere embracing the mathemat-
ical singularity (point mass), that is, r > a.<0

=

Vp =

The terms of the Taylor series can be rewritten thus

(f.i+g_a_+h._a_)<i>=a_§.(_l.)
ox dy dz/\r dh\r

n
(f ji + g ji + h ji) (l) = gl éﬁ-(&)
ox oy dz/ \r Qpn\r

Thus the Taylor series becomes

poload(B)e. L LD, (85)
h\r [E ahnr

In this form the series is amenable to physical interpretation. Thus
l/r defines the potential associated with a point source at the origin;

g%(£> defines the potential associated with a dipole at the origin with
r

2

its axis in the direction OM; g—g(l) defines the potential assoclated
he\T

with a quadripole at the origin with its axis in the direction OM; and

sC on.

2ONote the similarity with the situation in the complex plane where
the expansion of & function in terms of inverse powers of =z 1is valid
everywhere external to the circle embracing the singularities of the

function in question.

\O ~\O
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Alternative series developments for the potential can be obtained as
follows:

VP = -L = 1
MP (r2 + a° - 2ar cos 9)1/2
B n
= %l} + &P (W) + .. 4 %ﬁ P, (u) + ] (r > a) (a6)
B n
Vp = é 1+ g Pi(u) + . + EH Pp(p) + ;} (r < a) (AT)
where
u =cos 6
Pl(u) = |
Po(u) = %(5u2 - 1)
Pz(u) = %(5@ - 3)

These relations are collectively referred to as "Legendre functions of
the first kind." Series (A4k) and (A6) are entirely equivalent. One is
permitted therefore to equate corresponding terms

gl _(=)Pa 3P (1
e e e Q@ (48)

From theorem 2 it is known that the right-hand side of equation (A8)
defines a spherical harmonic function of degree -n - 1; thus, Pn(u)

is a spherical surface harmonic. As such, it satisfies equation (A2)
or rather the equation derivable from equation (A2) when the lack of
dependence of P, on the coordinate @ 1is considered

d \i(l - L@)%} +n(n+ 1)P, =0 (A9)

dp
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This 1s & second-order differential equation and, as such, it possesses
a solution which is linearly independent of Ph(p). However, this addi-

tional solution exhibits singular behavior along the polar axis and, as
such, can play no role in potential theory.

From equation (A8) it is seen that Pg, Py, Pp, . . . define

the spatial distribution of potential associated with a source, dipole,
quadripole, and so forth. Indeed, by using equation (A8) the geometric
form of the singularities in question can be readily established. The
results are presented for the first four singularities in table IV.

Consider the singularity associated with P5(“)' It has no net

magnitude, the positives canceling the negatives (in a sense it might
be said to have no zeroceth moment). The first and second moments are
identically zero. The fourth and higher moments all tend to zero in
the limit by virtue of the fact that a -0 and m — o such that ma)
is finite. In other words, P5(p) contributes only to the third moment

and in general Pn(u) contributes only to the nth moment.

Gravitational Field of Axisymmetric Mass Distribution

The gravitational field of an axisymmetric mass distribution can
be regarded as made up of uniform rings having their axes coinciding
with the axis of symmetry. Consider one such ring (sketch 45). The

Sketch 45

potential assoclated with the particle at P can be represented, exter-
nal to a sphere embracing the entire mass distribution, by a source at O
plus a dipole, quadripole, and so forth at O, all with their axes alined
with OP. To each particle of the ring there corresponds an equivalent
singularity distribution. Consider for the moment the dipoles. They are

O ~1\0 H



O ~NI\O H

101

of uniform strength; however, their axes are distributed over the coni-
cal surface at 0. Such a distribution is clearly equivalent to a
dipole alined with the axis of symmetry. By the same token the conical
distribution of quadripoles can be replaced by a single gquadripole along
the axis of symmetry. Thus the potential associated with an axisymme-
tric mass distribution can be represented by singularities located at
the origin and having their axes coincident with the axis of symmetry.
In other words, an axisymmetric mass distribution can be expanded as a
series in Po(u), Pl(u), P2(p), . . . where Py 1s a measure of

total mass, P; 1s a measure of the first moment of the mass distribu-
tion, Po 1s a measure of the second moment of the mass distribution,

and so on. Now these successive moments are entirely separate and
unrelated characteristics of the mass distribution. (This fact is
reflected in their having different dimensions.) Thus Pg, Py,

Pp, . . . are entirely unrelated. In mathematical parlance therefore
Py, 128 Py, . . . are said to be mutually orthogonal
\/nPth dw = 0 (m # n) (AL0)

It can be shown that, if an arbitrary axisymmetric function be
defined over the unit sphere and this function be approximated by a
series of Legendre functions, then by virtue of equation (A10) a least-
square fit to the function in question will be obtained in which equal
weight is ascribed to all points of the spherical surface. This prop-
erty can be used as & means of defining the Legendre functions. (See
ref. 26.) Its significance in gravimetric work in which observations
are made at a number of dlscrete points and the least-square fit applied
to the data 1s obvious.

Discussion of Two-Dimensional Case

Before proceeding to a discussion of the case of a nonaxisymmetric
mass distribution, it is instructive at this juncture to discuss the
two-dimensional case. It is shown that in a very real sense the theory
of spherical harmonics is an immediate generalization of Fourier's har-
monic analysis in two dimensions.

Laplace's equation in polar coordinates in two dimensions takes the
form

% ié.( é!) +..l..§EY =0 (A11)
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If homogeneous solutions of degree n (V = rnSn(e)) are sought,

then 5, satisfies the equationgl
EEEE + n2Sn =0 (A12)
d6°
Thus
Sp = cos nb
or
8, = sin no

These functions are the rational integral solutions in two dimensions.
Fourier's theorem can be formulated in strict conformity with theorem 3,
thusly, the value of any function of position on the circumference of a
circle can be expressed at every point of the circumference at which the
function is continuous in terms of rational integral function (circular
functions of multiple angles) provided the function is single valued
and has only a finite number of discontinuities and of maxima and minima
on the circumference of the circle. (See sketch 46.)

Symmetrical
function f(8) ™™

Sketch 46

21
To ensure periodicity with respect to 6, n must be integral.

O ~N\O -
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If a requirement of symmetry with respect to a diameter is imposed,
an otherwise arbitrary function can be expanded as a cosine series

£(8) = ag + a; cos 8 + ap cos 26 + az cos 36 + . . . (A13)
where 1, cos 6, cos 28, <cos 30, . . . are strictly analogous to
Po, Py, Po, P5’ + « « « Just as the geometric form of the singular-

itles associated with the Legendre functions could be established, those
associlated with circular functions can be determined. The results are
presented in table V.

It is possible, if desired, to develop the theory of circular and
elliptic harmonics, and so forth, strictly analogously to the theory of
spherical and elllpsoidal harmonics, and so forth. In practice, how-
ever, this is not done because in two dimensions there is a much more
powerful tool for the solution of potential problems in the guise of
the theory of analytic functions.

O ~\O 4 ¢

General Nonsymmetric Case

In this instance a general solution of the equation

2 2
as’n+coteasn+ L asn+n(n+l)sn-

36 90  5in°p d¢°

|
o

(A1k)

is required. Separating variables and setting Sp(e@) = 8(6)9(g) yields

a°o

® —— = (Al5)

age

sin“efa © ae
— + cot 8 — + n(n + 1)8| = -c (A16)

® |[302 ae

To ensure periodicity with respect to the coordinate ¢, the con-
stant c¢ appearing in equation (Al5) must be of the form ¢ = —p2 where
p is integral. Hence equation (Al6) assumes the form

h _q_li(l-pg)g—ﬂ+[n(n+l)-li2—9=0 (A17)

dp - u
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Moreover, since it is required that ® be a periodic function of
6, this demands that p < n. Thus, the permissible solutions of degree

n are Pn(o), Pn(l)cos g, Pn(l)sin @, P(2)cos 2g, Ph(g)sin 29,

. Pn(n)cos ng, Pn(n)sin n@. These constitute 2n + 1 linearly
independent rational integral harmonic functions which by the manner of
their derivation are mutually orthogonal and Pn(o), Pn(l), . . e Pn(n)
are termed associated Legendre functions of the first kind.

What is the nature of the singularities associated with these
generalized harmonic functions? The composite form of the functions

Pn(k)cos k¢ suggest that the singularities are synthesized out of the
axial singularities of table IV and the star-shaped singularities of
table V. This indeed proves to be the case; thus, Pn(k)cos k@ 1is

obtained by differentiating the star-shaped singularity associated with
cos k¢ n - k times in the Z-direction. A representation of the sin-

gularity associated with PyJcos 3@ is given in sketch 47.

Nature of singularity assoclated with Ph3cos 3¢

81 ma? is finite

Sketch 47

The functions Pn(o) are the so-called zonal harmonics discussed

previously; they alternate in sign, the zero lines subdividing the sphere
into equal zonal segments. (See (a) part of sketch 48.) The functions

Pn(n)cos ng and Pn(n)sin n@ are termed sectorial harmonics; the zero

lines in this case divide the sphere up into equal sectors. (See

O ~N\O =
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(b) part of sketch 48.) The intervening harmonics .are called tesseral
harmonics by virtue of their dividing the sphere into equal tesserae.
(See (c) part of sketch 48.)

[

)

Sketch L8

If a function, defined on the surface of unit sphere, be approxi-
mated by a series of harmonic functions, by virtue of the orthogonality
of the latter, the series will provide a least-square fit in which equal
weights are given to all points of the spherical surface. In this
respect the harmonic functions are singularly appropricte for series
representation of a function, the value of which has been measured at
a finite number of distinct points.

Generalization of Concepts

Let us suppose a function f 1is defined along the line segment
between -1 and 1. Imagine a unit sphere to be centered on the point O
and the function f to be projected radlally outwards onto the surface
of the sphere. Thus, the value of f at distance x 1s assigned to
all points along the parallel of latitude of this distance from the
equatorial plane. The function thus defined over the surface of unit
sphere can be represented by a series of zonal harmonics. Since this
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series attaches equal welght to equal zonal segments of the sphere and
since equal zonal segments correspond to equal segments of the linear
interval -1 to 1, it follows that the expansion in terms of Legendre
functions will uniformly approximate the function over the entire
interval.

If, on the other hand, the unit circle was centered on 0 and the
function f projected onto the circumference of the circle in a manner
strictly analogous to that described above, the function defined on the
circle could be expanded as a cosine series. In this case, however, the
expansion gives equal welghts to equal arc lengths; however, equal arc
lengths no longer correspond to equal lengths of the diameter and the
expansion of f Dbetween -1 and 1 in terms of circular functions gives
greater weight to the extremities of the interval than to the center.

The circular functions and the Legendre functions could have been
obtalned by seeking sets of functions which are orthogonal and which
provide uniform least-square fit to functions which are defined on the
circle and sphere, respectively. This would provide immediately a
method of generallzing to higher dimensions. Orthogonal polynomials
to provide uniform fit to functions defined over the surfaces of hyper-
spheres of four and higher dimensions are sought. In this way the
Gegenbauer polynomials can be obtained. Such polynomials can, of
course, be used to approximate a function over the interval -1 to 1.
These approximations will, if so applied, have associated with them
certain characteristic weighting functions.

O ~IN\O
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SPHERICAL HARMONIC ANALYSIS

TABLE IV.- FORM OF SINGULARITIES USED IN

Radial fall

a -0 and

Legendre of f in Geometric form o - o
function intensity of singularity so that -
1
Po(“) T +
m
1 +__
Py (n) r—2 K ma finite
T
a
Polp) L -- ma® finite
2 ¢ a
3 L3
+
T
1 (=¥ 3
P5 () Y a m” finite
r T

O ~I\0O H
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TABLE V.- FORM OF SINGULARITIES USED IN

FOURIER ANALYSIS

115

Cosine circular

Radial fall off

Geometric form

a -0 and

m 5w
functions in intensity of singularity so that -
1 log, +
m
+.
cos 0O % a ma2 finite
m
X
cos 28 1 {i;;j%)- ma® finite
e
+
oy
cos 36 L ' ma3 finite
r3 +

NASA-Langley, 1962 L—1979
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